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PREFACE 


Tue longer an engineer has been separated from his alma mater, the 
_ fewer mathematical formulas he uses and the more he relies upon tables 
and, when the latter fail, upon graphical methods. Although graphical 
methods have the advantage of being ocular, they frequently suffer from 
the fact that only what is seen is sensed. But this defect is due to the 
kind of graphics used. With the aid of the scientific art of graphing pre- 
sented in Chapter I, one may not merely make better graphs in less time 
but actually draw correct negative conclusions from a graph so made, 
and therefore sense more than one sees. For instance, one may be sure 
that a given cubic equation has only the one real root seen in the graph, 
if the bend points lie on the same side of the x-axis, 

Emphasis is here placed upon Newton’s method of solving numerical 
equations, both from the graphical and the numerical standpoint. One 
of several advantages (well recognized in Europe) of Newton’s method over 
Horner’s is that it applies as well to non-algebraic as to algebraic equations. 

In this elementary book, the author has of course omitted the difficult 
Galois theory of algebraic equations (certain texts on which are very 
erroneous) and has merely illustrated the subject of invariants by a few 
examples. 

It is surprising that the theorems of Descartes, Budan, and Sturm, on 
the real roots of an equation, are often stated inaccurately. Nor are the 
texts in English on this subject more fortunate on the score of correct 
proofs; for these reasons, care has been taken in selecting the books to 
which the reader is referred in the present text. 

The material is here so arranged that, before an important general 
theorem is stated, the reader has had concrete illustrations and often also 
special cases. The exercises are so placed that a reasonably elegant and 
brief solution may be expected, without resort to tedious multiplications 
and similar manual labor. Very few of the five hundred exercises are of 
the same nature. — 

Complex numbers are introduced in a logical and satisfying manner. 
The treatment of roots of unity is concrete, in contrast to the usual ab- 
stract method. 

Attention is paid to scientific computation, both as to control of the 
limit of error and as to securing maximum accuracy with minimum labor. 

An easy introduction to determinants and their application to the solu- 
tion of systems of linear equations is afforded by Chapter XI, which is 
independent of the earlier chapters. 

lu 
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Here and there are given brief, but clear, outlooks upon various topics 
of decided intrinsic and historical interest, — thus putting real meat upon 
the dry bones of the subject. 

To provide for a very brief course, certain sections, aggregating over 
fifty pages, are marked by a dagger for omission. However, in compensa- 
tion for the somewhat more advanced character of these sections, they are 
treated in greater detail. 

In addition to the large number of illustrative problems solved in the 
text, there are five hundred very carefully selected and graded exercises, 
distributed into seventy sets.. As only sixty of these exercises (falling into 
seventeen sets) are marked with a dagger, there remains an ample number 
of exercises for the briefer course. 

The author is greatly indebted to his colleagues Professors A. C. Lunn 
and E. J. Wilczynski for most valuable suggestions made after reading 
the initial manuscript of the book. Useful advice was given by Professor 
G. A. Miller, who read part of the galley proofs. A most thorough read- 
ing of both the galley and page proofs was very generously made by 
Dr. A. J. Kempner, whose scientific comments and very practical sugges- 
tions have led to a marked improvement of the book. Moreover, the 
galleys were read critically by Professor D. R. Curtiss, who gave the author 
the benefit not merely of his wide knowledge of the subject but also of his 
keen critical ability. The author sends forth the book thus emended 
with less fear of future critics, and with the hope that it will prove as 
stimulating and useful as these five friends have been generous of their 
aid. 


Cuicaco, February, 1914. 
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THEORY OF EQUATIONS 


CHAPTER I 
Tue GRAPH OF AN EQuaTION 


1. For purposes of review, certain terms already familiar to the reader 
are defined here. Through a point O, called the origin, draw a horizon- 
tal straight line OX and a vertical straight line OY. These lines are 
called the axes of coérdinates; in particular, OX is called the z-azis. 
Choose a convenient unit of length. Consider any point P in the plane 
and let Q be the point of intersection of the z-axis with the vertical line 
through P. By the abscissa x of the point P is understood the number 
of units of length in OQ in case Q lies to the right of the origin O; but, in 
case Q lies to the left of O, x is the negative of the number of units of length 
in OQ. Similarly, the ordinate y of the point P 
is the length of PQ when P is above the z-axis, “4” (7,4) 
but is the negative of the length of PQ when P 
is below the z-axis. For the point P in Fig. 1, 
2 =+4, y =-—11. The real numbers x and 
y which a point determines in this manner are 
called its codrdinates. Conversely, any pair of (0-3) (6-3) 
real numbers determines a point. 

Figure 1 shows the points which represent 
various pairs of values of x and y, satisfying 
the equation 


(1) aT — Oil eh. 
For example, the point P represents the pair Pair 
of values x = 4, y = —11, and is designated Fig. 1 


(4, —11). Since the value of x may be as- 

signed at pleasure and a corresponding value of y is determined by 

equation (1), there is an infinitude of points representing pairs of values 
l 
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satisfying the equation. These points constitute a curve called the graph 
of the equation. 

In Fig. 1, the curve intersects the z-axis in two points; the abscissa 
of one point of intersection is between 6 and 7, that of the other point is 
between —1 and0. The z-axis is the graph of the equation y = 0. Thus 
the abscissas of the intersections of the graph of equation (1) and the 
graph of y = 0 are the real roots of the quadratic equation 
(1’) v—b62-—3=0. 

Hence to find graphically the real roots of the last equation, we equate 
the left member to y and use the graph of the resulting equation (1). 
For other methods, see §§ 16-18. 


EXERCISES 


1. Find graphically the real roots of x2 — 62+ 7 = 0. 
2. Discuss graphically the reality of the roots of 22 — 62 + 12 = 0. 
3. Obtain the graph used in Ex. 1 by shifting the graph in Fig. 1 ten units 
upwards, leaving the axes OX and OY unchanged. How 
may we obtain similarly that used in Ex. 2? 
4. Locate graphically the real roots of 23 + 427 — 7 = 0. 


2. Caution in Plotting. If the example set were 
(2) y = 82* — 142° — 92? + 112 — 2, 


one might use successive integral values of x, obtain 
the points (—2, 180), (—1, 0), (0, —2), (1, —6), 
(2, 0), (8, 220), all but the first and last of which are 
shown (by crosses) in Fig. 2, and be tempted to con- 
clude that the graph is a U-shaped curve approxi- 
mately like that in Fig. 1 and that there are just two 
real roots, —1 and 2, of 


(2’) 8at — 142° — 92+ 11lz2—-—2=0., 


But both of these conclusions would be false. In 
fact, the graph is a W-shaped curve (Fig. 2) and the 
additional real roots are + and $. 
Fig. 2 This example shows that it is often necessary to 
employ also values of x which are not integers. The 
purpose of the example was, however, not to point out this obvious fact, 


but rather to emphasize the chance of serious error in sketching a curve 
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through a number of points, however numerous. The true curve between 
two points below the z-axis may not cross the z-axis, or may have a 
peak actually crossing the z-axis twice, or may be an M-shaped curve 
crossing it four times, ete. 


For example, the graph (Fig. 3) of 
(3) y=e2+42e?-11 


crosses the z-axis only once. But this fact can not be concluded from 
a graph located by a number of points, how- 
ever numerous, whose abscissas are chosen at 
random. 

We shall find that correct conclusions re- 
garding the number of real roots can be de- 
duced from a graph whose bend points (§ 3) 
have been located. 

We shall be concerned with equations of the 
form 


AE” x" + ++ + + Oni + a, = 0 
(do aad 0), 
in which a, a, ... @, are real constants. 


The left member is called a polynomial in x of 
degree n, or also a rational integral function of x, 
and will frequently be denoted for brevity by 
the symbol f(z) and less often by f. Fig. 3 


3. Bend Points. A point (like M or M’ in Fig. 3) is called a bend 
point of the graph of y = f(x) if the tangent to the graph at that point 
is horizontal and if all of the adjacent points of the graph lie below the 
tangent or all above the tangent. The first, but not the second, condi- 
tion is satisfied by the point O of the graph of y = 2 given in Fig. 4 
(see § 6). In the language of the calculus, f(z) has a (relative) maximum 
or minimum value at the abscissa of a bend point on the graph of y = 
f(a). 

Let P = (2, y) and Q=(x+h, Y) be two points on the graph, 
sketched in Fig. 5, of y = f(x). By the slope of a straight line is meant 
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the tangent of the angle between the line and the z-axis measured counter- 
clockwise from the latter. In Fig. 5, the slope of the straight line PQ is 


om i ieee 


Fig. 4 


For equation (3), f(z) = #3 +4a?—11. Hence 


f(ath) =(a+h)?+4(a+h)?-11 
e+4e?—-11+ (32? + 8x)h+ (82+ 4)h? + hi. 


The slope (4) of the secant PQ is here 
32+ 8a+ (82+ 4)h + fh’. 


ll 


Now let the point Q move along the graph towards P. Then kh approaches 
the value zero and the secant PQ approaches the tangent at P. The 
slope of the tangent at P is therefore the corresponding limit 3 x2 + 82 
of the preceding expression. 

In particular, if P is a bend point the slope of the tangent at P is zero 
and hence x = 0 or « = —§. Equation (3) gives the corresponding 
values of y. The resulting points 
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are easily shown to be bend points. Indeed, for x > 0 and for x between 


_—4 and 0, 2? (x + 4) is positive, and hence f(z) >—11 for such values of. 


z, so that the function (3) has a relative minimum at z = 0. Similarly, 
there is a relative maximum at «= —4. We may also employ the general 
method of § 8 to show that M and M’ are bend points. Since these bend 


_ points are both below the a-axis, we are now certain that the graph 


crosses the x-axis only once. 
The use of the bend points insures greater accuracy to the graph than 
the use of dozens of points whose abscissas are taken at random. 


4. Derivatives. We shall now find the slope of the tangent to the 
graph of y = f(x), where f(z) is any polynomial 
(5) f(x) = aor" + ayer + + + + anit + ay. 
We need the expansion of f(z + h) in powers of z. By the binomial 
theorem, 
do(x + h)” = aor” + nap” h ( Og ss ns, 


ay(x+h)1 = aya + (n—1)aa**h+ fae! 


ayn" *h? + ease 
On—2(X + hh)? = Ana? + 2 Gn—2th + ap-2h’, 
On—1(% +h) = anit + O,-sh, 
Bom Ons 
The sum of the left members is evidently f(z + h). On the right, the 


- gum of the first terms (7.e., those free of h) is f(z). The sum of the 


coefficients of h is denoted by f’(z), the sum of the coefficients of 4 h? is 
denoted by f’’(z), - - - , the sum of the coefficients of 
hr 

1-2---k 
is denoted by f(z). Thus 
(6) Ta) = nag + (1 — Daw? + +20, + a4, 
> f(a) = nn — 1) arr? + (n — I) (n — 2)? + - - - +24,, 
etc. Hence we have 


(8) fleth) =f@) +s @h+I"@; 5 


ttt h? Zig n hn 
+f (2) ag t phd ier smear 
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This formula (8) is known as Taylor’s theorem for the present case of 
a polynomial f(x) of degree n. We call f’(x) the (first) derivative of 
f(z), and f’(x) the second derivative of f(x), etc. Concerning the 
fact that f’’(x) is the first derivative of f’(z) and that, in general, the 
kth derivative f(x) of f(x) equals the first derivative of f*—(a), see 
Exs. 6—9 of the next set. 

In view of (8), the limit of (4) as h approaches zero is f’(x). Hence 
f'(x) ts the slope of the tangent to the graph of y = f(x) at the point (2, y). 

In (5) and (6), let every a be zero except a. Thus the derivative of 
Mx” is nax", and hence is obtained by multiplying the given term by 
its exponent n and then diminishing its exponent by unity. For example, 
the derivative of 2 2° is 6 2. 

Moreover, the derivative of f(z) equals the sum of the derivatives of 
its separate terms. Thus the derivative of x3 + 42? — 1lis3 22+ 82, 
as found also in § 3. 


5. Computation of Polynomials. The labor of computing the value 
of a polynomial f(x) for a given value of x may be much shortened by 
a simple device. To find the value of 


+3 —2e—5 


for x = 2, we note that #* = 2-2? = 2 x, so that the sum of the first two 
terms is 52. This latter equals 5-2 x or 10 «, adding this to the next 
term —2 2, we get 8x or 16. The final result is therefore 11. 

Write the coefficients in a line. Then the work is: 


loo 8Se re 2S Se 
210 1 
leas 8 11. 


In case not all the intermediate powers of x occur among the terms of 
J(z), the missing powers are considered as having the coefficients zero. 
Thus the value —61 of 225 — a#°+ 22-1 for « = —2 is found as 
follows: 

2 0 -1 2 
—4 8 —14 28  —60 
2 —4 7 —14 30 —61. 


For another manner of presenting this method see Ch. X, § 4. 
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EXERCISES 


3 1. The slope of the tangent to y = 823 — 22 a?+13a—2 at (2, y) is 
242? — 442+ 13. The bend points are (0.37, 0.203), (1.46, —5.03), approxi- 

mately. Draw the graph. 

2. The ‘bend points of y = x? — 2x — 5 are (.82, —6.09), (—.82, —3.91) 
‘approximately. Draw the graph and locate the real roots. 

3. Find the bend points of y = 23+ 622+ 82+ 8. Locate the real roots. 

4. Locate the real roots of f(z) = 21+23 —x—2=0. The abscissas of 
the bend points are the roots of f’(v) = 4234+ 322—1=0. The bend points 
of y = f’(x) are (0, —1) and (—}, —4), so that f’(z) = 0 has a single real root 
(it is just less than 3). The single bend point of y = f(a) is (4, — 3%), approxi- 
mately. 

5. Locate the real roots of «6 —7a*— 32°7+7=0. 

6. f’’(x), given by (7), is the first derivative of f’(z). 

7. If f(z) = fil) + fol), the kth derivative of f equals the sum of the kth 
derivatives of f; and fs. Use (8). 

8. f(x) equals the first derivative of f*-) (x). Hint: prove this for f =ax”; 
then prove that it is true for f = fi + fo if true for fi; and fo. 

9. Find the third derivative of x§ + 5 x‘ by forming successive first derivatives; 
also that of 22° — 723+ 2. 

10. The derivative of gk is g’k + gk’. Hint: multiply the members of g(a +h) = 
gic) + g/(a)h+ +++ and kath) =k(x) +k’ (z)h+ +++ and use (8) for 
f =gk. 


6. Horizontal Tangents. If (xz, y) is a bend point of the graph of 
y = f(x), then, by definition, the slope of the tangent at (a, y) is zero. 
Hence (§ 4), the abscissa z is a root of f’(x) =0. In Exs. 1-5 of the 
preceding set, it was true that, conversely, any real root of f’(x) = 0 
is the abscissa of a bend point. However, this is not always the case. 
We shall now consider in detail an example illustrating this fact. The 
' example is the one merely mentioned in § 3 to indicate the need of the 
second requirement made in our definition of a bend point. 
The graph (Fig. 4) of y = «* has no bend point since z* increases when 
x increases. Nevertheless, the derivative 3 x of «x* is zero for the real 
value x = 0. The tangent to the curve at (0, 0) is the horizontal line 
y = 0. It may be thought of as the limiting position of a secant through 
O which meets the curve in two further points, seen to be equidistant 
from Q. When one, and hence also the other, of the latter points ap- 
proaches O, the secant approaches the position of tangency. In this 
sense the tangent at O is said to meet the curve in three coincident 
points, their abscissas being the three coinciding roots of x? = 0. In the 


p) 
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usual technical language which we shall employ henceforth, z*? = 0 has 
the triple root x = 0. The subject of bend points, to which we recur in 
§ 8, has thus led us to a digression on the important subject of double 
roots, triple roots, etc. 


7. Multiple Roots. In (8) replace x by a and h is x—a. Then 


(9) f@)=fl@)+f'(a)(@— a) +9"(a) F— 


+77"(a) @ ee 


Thus the constant remainder obtained by dividing any polynomial f(x) 
by x — a is f(a), a fact known as the Remainder Theorem. In par- 
ticular, if f(a) = 0, f(z) has the factor z — a. This proves the Factor 
Theorem: If a@ is a root of f(x) = 0, then  —a is a factor of f(z). 

The converse is true: If x — a is a factor of f(x), then a is a root of 
f(z) = 0. In case f(z) has the factor ( — a)?, but not the factor 
(a — a)’, a is called a double root of f(x) = 0. In general, if f(x) has 
the factor (x — a)”, but not the factor (x — a)™*!, a is called a multiple 
root of multiplicity m of f(x) = 0, or an m-fold root. Thus, 4 is a simple 
root, 3 a double root and —2 a triple root of 


7 (« — 4)(x — 3)*(x +2) = 0. 


This algebraic definition of a multiple root is in fact equivalent to the 
geometrical definition, given for a special case, in § 6. 

The second member of (9) is divisible by (2 — a)? if and only if f(a) = 0 
f'(a) = 0, and is divisible by (a — a)* if and only if also f’’(a) = 0, ete. 
Hence a ts a double root of f(x) = 0 if and only if f(a) = 0, f’(a) = 0, 
tf” (a) #0; ais a root of multiplicity m if and only if 


(10) - fla) = 0, fila) = Of" (a) = 0, > - , fo O(a) = 0, F(a) eae: 


For example, zero is a triple root of 2+ 22° = 0 since the first and second 
derivatives are zero for « = 0, while the third derivative 24 x + 12 is not. 

If f(x) and f’(x) have the common factor (« — a)", but not (# — a)", 
where m= 2, then a is a root of f(x) = 0 of multiplicity m. For, a is 
a root of multiplicity at least m — 1 of both f(z) =0 and f’(x) = 0, so 
that the equalities in (10) hold; also f(/™(a) # 0 holds, since otherwise a 
would be a root of both f(x) = 0 and f’(x) = 0 of multiplicity m or greater, 
and (a — a)" would be a common factor. Hence if f(x) and f’(x) have a 
greatest common divisor g(x) involving x, a root of g(x) = 0 of multiplicity 
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m —1 1s a root of f(x) = 0 of multiplicity m, and conversely any root of 
f(x) = 0 of multiplicity m is a root of g(x) = 0 of multiplicity m—1. The 
last fact follows from relations (10), which imply that a is a root of 
f’(x) = 0 of multiplicity m — 1, and hence that f(x) and f’(x) have the 
common factor (« — a)”~!, but not (x — a)”. 

In view of this theorem, the problem of finding all the multiple roots 
of f(z) = 0 and the multiplicity of each multiple root is reduced to the 
problem of finding the roots of g(x) = 0 and the multiplicity of each. 


For example, let f(x) = x —222—42+4+8. Then 
f'(z) =3a?—42—4, 9f(x) =f’ (x) (8a — 2)— 32 (a — 2). 


Since x — 2 is a factor of f’(x) it may be taken to be the greatest common divisor 
of f(x) and f’(x), as the choice of the constant factor c in c(2 — 2) is here immaterial. 
Hence 2 is a double root of f(x) = 0, while the remaining root —2 is a simple root. 


EXERCISES 


x’ — 72?+ 152 —9 =0 has a double root. 

x4 — 822+ 16 = 0 has two double roots. 

x4 — 622 — 8x —3 =0 has a triple root. 

Test 24 — 823+ 222? — 24x+ 9 = 0 for multiple roots. 
Test v3? — 622+ 11x — 6 = 0 for multiple roots. 


SU 


8. Inflexion and Bend Points. The equation of the tangent to the 
graph of y = f(x) at the point (a, 8) on it is 


y =f'(a) (e@—a) +B [8 = f(a)]. 


For the abscissas of its intersections with the graph of y = f(x), we have, 
from (9), ¢ \s 
” t— a my ct a eet ce ()- 
f(a) == S* + g(a SS + 0 
If w is a root of multiplicity m of this equation, the point (a, 8) is counted 
as m coincident points of intersection of the tangent and the curve (just 


as in the example in §6). This will be the case if and only if * 
aes (ce) =0, fa) =—0,-. . , fm O(a) = 0, f(a) 40. 


For example, if f(z) = x4 and a = 0, then m = 4. The graph of y= xis a 
U-shaped curve, whose intersection with the tangent (x-axis) at (0, 0) is counted 
as four coincident points of intersection. 


* If m = 2, only the last relation of the set is retained: f’ (a) ¥ 0. 
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If m is even, the points of the curve in the vicinity of the point of © 
tangency (a, 8) are all on the same side of the tangent and the point (a, 8) 
is, by the definition in §3, a bend point. But if m is odd (m > 1), the 
curve crosses the tangent at the point of tangency (a, 8) and this point 
is called an inflexion point, and the tangent an inflexion tangent. To 
simplify the proof, take (a, 8) as the new origin of codrdinates and the 
tangent as the new z-axis. Then the new equation of the curve is 


y=ca™+ damit... (c #0, m = 2). 


For 2 sufficiently small numerically, y has the same sign as cxz™ (§ 11). 
Thus if m is even, the points of the curve in the vicinity of the origin are 
all on the same side of the z-axis. But if m is odd, the points with small 
positive abscissas lie on one side of the z-axis ‘and those with numerically 
small negative abscissas lie on the opposite side. 


For example, (0, 0) is a bend point of the graph of y = z*. But (0, 0) is an 
inflexion point of the graph (Fig. 4) of y = 2°, and the inflexion tangent y = 0 
crosses the curve at (0, 0). Here f’’(0) = 0, f’’ (0) = 6, so that m = 3, in accord 
with the evident fact that 73 = 0 has the root zero of multiplicity 3. 


We have,{therefore, in the evenness or oddness of m in (11) a practical 
test to decide which roots a of f’(x) = 0 are abscissas of bend points 
and which are abscissas of inflexion points with horizontal inflexion 
tangents. 


EXERCISES 


1. If f(z) = 32°+ 52° + 4, the only real root of f(x) = 0 is x= 0. Show 
that (0, 4) is an inflexion point, and thus that there is no bend point and hence 
that f(z) = 0 has a single real root. 

2. «8 —3a?+ 32+ c = 0 has an inflexion point, but no bend point. 

3. 7° — 1023 — 202? — 15% +c = 0 has two bend points and no horizontal 
inflexion tangents. 

4. 32° — 4023 + 240% +c =0 has no bend point, but has two horizontal 
inflexion tangents. 

5. Any function 2? — 3 av? +--+ - of the third degree can be written in the 
form f(x) = (c — a)} + ax+b. The straight line having the equation y = ax +b 
meets the graph of y = f(x) in three coincident points with the abscissa a and 
hence is an inflexion tangent. If we take new axes of coérdinates parallel to the 
old and intersecting at the new origin (a, 0), 7.e., if we make the transformation 
x= X-+a, y= Y, of codrdinates, we see that the equation f(x) = 0 becomes a 
reduced cubic equation X* + pX + q = 0 (ef. Ch. III). 

6. Find the inflexion tangent to y = 22+ 62? — 3241 and transform 
x’+62? — 32+ 1 = 0 into a reduced cubic equation. 
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9. Real Roots of a Cubic Equation. It suffices to consider 
f(z) = 28 -—8la+q (i = 0), 


in view of Ex. 5 above. Then f’= 3 (22-1), f’=62. If1<0, there 
is no bend point and the cubic equation f(z) = 0 has a single real root. 
If 1 > O, there are two bend points 


(V1, q—- 21 V1), (— Vi, q+ 21 vi) 
and the graph of y = f(x) is evidently of one of the three types: 


qz2lvt q<=-21vT 
Fig. 6 Fig. 7 


If the equality sign holds in the first or second case, one of the bend 
points is on the z-axis and the cubic 
equation has a double root; the condi- 
tion is that g?7—4l3 = 0. The third 
case is fully specified by the condition 


@ < 4 13, which implies that 1 > 0. 0 
Hence x’ — 3 lx + q = 0 has three dis- -21VT<q<2l VT 
tinct real roots if and only if @ < 4 I, Fig. 8 


a single real root if and only uf ¢ > 41°; 
and a double root (necessarily real) if and only of @ = 41°. 


EXERCISES. 
Apply the criterion to find the number of real roots of: 
1. 2? +22—4=0. 2. 8—-—7¢2#+7=0. 3. 8&—22—-1=0. 
4, 8 —3244+2=0. 5. 8+62—382+1=0. 


6. The inflexion point of y = x? — 3lz + q is (0, q). 


10.+ Trinomial Equations. 
For m and n positive odd integers, m > n, let 


f(x) =a" + px" +g (p # 0). 
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Here x = 0 is a root of f’(z) =.0 only when n > 1 and then the tangent at (0, g) 
is the horizontal inflexion tangent y = q, as shown by (11) with m replaced by n, 
or directly from the fact that zero is a root of odd multiplicity n of <" + px” = 0. 
Hence in no case is zero the abscissa of a bend point. 

If p > 0, f’ has no real root except « = 0. Thus there is no bend point and 
hence a single real root of f(x) = 0. 

If p < 0, there are just two bend points, their abscissas being 6b and —b, where 
b is the single positive real root of b”-" = —np/m. The bend points are on the 
same side or opposite sides of the w-axis according as 


f0)=a+p0(1-2), s(t) =q-pir(1 -”) 


m 


are of like signs or opposite signs. The number of real roots is 1 or 3 in the respec- 
tive cases. Hence there are three distinct real roots if and only if the positive 
number 


exceeds both q and —q, 2.e., if 


The first member equals 6”, so that its (m — n)th power is the mth power of 
b™—" =—np/m. Hence the conditions are equivalent to 


0 . (“Ey (a 
m m—-n 


EXERCISES + 
1.t 23 + px + q = 0 has three distinct real roots if and only if 


2.t If p and q are positive, x?" — px?" + q = 0 has four distinct real roots, 
two pairs of equal roots, or no real root, according as 


np m ng m—n 
soto) (ee (eee >0, =0, or <0. 
m mt — 7 


11. Continuity of a Polynomial. Hitherto we have located certain 
points of the graph of y = f(x), where f(x) is a polynomial in x with real 
coefficients, and taken the liberty to join them by a continuous curve. 


§ 12] THE GRAPH OF AN EQUATION 238 


The polynomial f(x) in the real variable x shall be called continuous at 
x = a, where a is a real constant, if the difference 


D=fath) — f@ 


is numerically less than any assigned positive number p for all real values. 
of h sufficiently small numerically. 
We shall prove that any polynomial f(x) with real coefficients is con~ 
tinuous at « = a, where a is any real constant. 
The proof rests upon Taylor’s formula (8), which gives 


aa, Favs ae oo 
D=f@h+ 75 ¥ + ner r pene es 
Derote by g the greatest numerical value of the coefficients of h, 
me ,h”. For h numerically less than k, where k < 1, we see that D 
is Banierinaley less than 


gk t+ ty) <g 4% 


E<P ifh<a 


Dar ?g 

The same proof shows that, if a, ..., a, are real,ah +--+ + a,h" 
is numerically less than an assigned positive number p for all real values 
of h sufficiently small numerically. 


12. Theorem. [f the coefficients of the polynomial f(x) are real and if 
a and b are real numbers such that f(a) and f(b) have opposite signs, the 
equation f(x) = 0 has at least one real root between a and b; in fact, an odd 
number of such roots, if an m-fold root 1s counted as m roots. 

The only argument* given here is one based upon geometrical intui- 
tion. We are stating that, if the points 


(a, f(a)), (b, f(b) 


lie on opposite sides of the z-axis, the graph of y = f(x) crosses the 
x-axis once, or an odd number of times, between the vertical lines through 
these two points. Indeed, the part of the graph between these verticals 
is a continuous curve having one and only one point on each intermediate 
vertical line, since the function has a single value for each value of a. 
This would not follow for the graph of y? = a. 


* An arithmetical proof based upon a refined theory of irrational numbers is given 
in Weber’s Lehrbuch der Algebra, ed. 2, vol. 1, p. 123. 
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13. Sign of a Polynomial. Given a polynomial 
Se) = age® + aa" * + es + oe, (a ~ 0) 


with real coefficients, we can find a positive number P such that f(x) has 
the same sign as az" when x > P. In fact, 


f(z) = 2" (a+ 4), g=o+5 s+: SS 


By the last result in § 11, the numerical value of ¢ is less than that of a 
when 1/z is positive and less than a sufficiently small positive number, 
say 1/P, and hence when x > P. Then a + ¢ has the same sign as do, 
and hence f(x) the same sign as doz". 

The last result holds also when z is a negative number sufficiently large 
numerically. For, if we set x = —X, the former case shows that f(—X) 


has the same sign as (—1)"a)X" when X is a sufficiently large positive , 


number. 

We shall therefore say briefly that, for ‘* = +o, f(z) has the same 
sign as ao; while, for 7 = —o, f(x) has the same sign as dq if n is even, 
but the sign opposite to ap if n is odd. 


EXERCISES 
1. 2? + ax? + bx — 4 = 0 has a positive real root [use x = 0 and x = +00]. 
2. 2+ a’? + ba +4 =0 has a hegenve real root [use x = 0 and x = —oo],. 
3. Ifa > O and mis odd, ape" + ++ + +a, = Ohasa real root of sign opposite 
to the sign of a, [use r= —, 0, ae 


4, 24+ ax’ + ba? + cr — dic = 0 has a positive and a negative root. 
5. Any equation of even degree n in which the coefficient of x” and the con- 
stant term are of opposite signs has a positive and a negative root. 


14. The accuracy of a graph of y = f(x) can often be tested and 
important conclusions drawn from it by use of the 

Theorem. WNo straight line crosses the graph of y = f(x) in more than 
n points if the degree n of the polynomial f(x) exceeds unity. 

A vertical line x = ¢ crosses it at the single point (c, f(c)). A non- 
vertical line is the graph of an equation y = mx + b of the first degree, 
and the abscissas of the points of crossing are the roots of mx + b = f(z). 
The proof may now be completed by using the next theorem. 


shia i 


§ 15, 16] THE GRAPH OF AN EQUATION 15 
15. Theorem. An equation of degree n, 
f(x) = aga* + qa71*4+ --- +4, =0 (ao ¥ 0), 


cannot have more than n distinct roots. 
Suppose that it has the distinct roots a1, ..., aa, a. By the Factor 
Theorem (§ 7), x — a is a factor of f(x), so that 


fe) = (@ — a1) QQ), 


where Q(x) is a polynomial of degree n — 1. Let 2 = ay. We see that 
Q(a2) = 0, so that as before 


Q(z) = @ — a) Q(x), f(x) 


Proceeding in this manner, we get 


(% — au) (% — az) Qi(a). 


f(z) = ao(w — a;)(4 — a) . . . @ — a). 


For the root a, the left member is zero and the right is not zero. Hence 
our supposition is false and the theorem true. 


EXERCISES 


1. The curve in Fig. 3, representing a cubic function, does not cross the x-axis 
at a second point further to the right, nor does the part starting from, M’ and 
running downwards to the left later ascend and cross the z-axis. 

2. The curve in Fig. 2, representing a quartic function, has only the four cross- 
ings shown. 

3. Form the cubic equation having the roots 0, 1, 2. 

4. Form the quartic equation having the roots +1, +2. 

5. If av” + --- = 0 has more than n distinct roots, each coefficient is zero. 
When would the theorem in § 14 fail if n = 1? 

6. If two polynomials in x of degree n are equal for more than n distinct values 
of x, they are identical. 

7. An equation of degree n cannot have more than n roots, a root of multiplicity 
m being counted as m roots. 


16. Graphical Solution of a Quadratic Equation. If 
(12) 2? —axr+b=0 


has real coefficients and real roots, the roots may be constructed by the 
use of ruler and compasses, 7.e., by elementary geometry. 
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Draw a circle having as a diameter the line BQ joining the points 
B= (0, l)and Q = (a, b); the abscissas ON and OM of the points of 
intersection of this circle with the z-axis are 
the roots of (12). 
; The center of the circle is (a/2, (b + 1)/2). 
. The square of BQ is a? + (b—1)?. Hence the 
equation of the circle is 


a\? b+1\?_ (a, /b—1 
i nk Cari eerrirdGkst = 


Setting y = 0, we get (12). 
Fig. 9 If we do not insist upon a solution by 
ruler and compasses, we may plot the par- 
abola y = 2? and draw the straight line y = az — b; if these intersect, 
the abscissas of the points of intersection are the real roots of (12). 
17. The method last used enables us to solve graphically 
2—ar+b=0. 
We have merely to employ the abscissas of the intersections of the graph 
(Fig. 4) of y = x3 with y = ax — b. For the quartic equation 
a+ A+ Be+C=0, A>0, 
setz =a VA; we get Ped hig By ned 


We now employ the graphs of y = 2+ 2?, y = ax —b. 


EXERCISES 
Solve by each of the two methods 
1. 2&—52+4=0. 2. 2+527+4=0. 3. 2+52r—4=0. 
4. 2%—524—4=0. 5. 2@—427+4=0. 6. 2—32+4=0. 
Solve graphically the cubic equations 
i ¢—3¢-)=0. 8. 8+227-—4=0. 9. 82-—T7r2+7=0. 


10. Find graphically the cube roots of 20, —20, 200. 

11. State in the language of elementary geometry the construction of Fig. 9 
and prove that OC = TQ = b, TD = OB = 1, chord BN = chord DM, ON = MT, 
ON + OM = a,0N+-OM =O0C+OB=b. Why are OM and ON the roots of (12)? 

12. Any reduced cubic equation x’ = px + q ean be solved by use of a fixed 
parabola x? = y and the circle 2? + y? = gx + (p +1)y. (Descartes.) 

13. xt = px* + qx +r can be solved by use of a fixed parabola x? = y and the 
circle 22? + y? = qr + (p+ 1)y+r. (Descartes.) 

14. Solve the cubies in Exs. 7-9 by the method of Ex. 12. 

15. Solve 24 = 25 x? — 60x + 36 by the method of Ex. 13. 
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18. The approximate values of the real roots of a cubic equation 
2+ pze+q=0 


may be found by a graphical method due to C. Runge.* We assign 
equidistant values to z. For each z, we have a linear equation in p and q¢ 
which therefore represents a straight line when p and gq are taken as rec- 
tangular coérdinates. On a diagram showing these lines we may locate 
approximately the line (and hence the values of z) corresponding to 
assigned values of p and g. The method applies also to any equation 
involving two parameters linearly. 

For the solution of a numerical cubic equation by means of the slide 
rule (and an account of the use of the latter), see pp. 43-48 of the book 
just cited. 


* Graphical .Methods, Columbia University Press, 1912, p. 59 (also, Praxis der 
Gleichungen, Leipzig, 1900, p. 156). Earlier by L. Lalanne, Comptes Rendus Acad. Se. 
Paris, 81, 1875, p. 1186, p. 1243; 82, 1876, p. 1487; 87, 1878, p. 157, and in Notices 
réunies par le Ministére des travaux . . . exposition univ. Paris, 1878. 


CHAPTER II 
ComPLexX NUMBERS 
(For a briefer course, this chapter may be begun with § 5.) 


1.+ Vectors from a Fixed Origin O. A directed segment of a straight 
line is called a vector. We shall employ only vectors from a fixed initial 
point O. 
The sum of two vectors OA and OC is defined to be the vector OS, 
where S is the fourth vertex of the par- 
s allelogram having the lines OA and OC 
as two sides. In case A coincides with O, 
the vector OA is said to be zero; then 
OS = OC. 


ban - eee ~ | 


QO 


A force of given magnitude and given dir- 

ection is conveniently represented by a vector. 

H By a fundamental principle of mechanics, two 

F E forces, represented by the vectors OA and OC, 

Fig. 10 have as their resultant a force represented by 

the vector OS, as in Fig. 10. Thus if two forces 

are represented by two vectors, their resultant is represented by the sum of 
the vectors. 


Blcces 


When referred to rectangular axes OX and OY, let the point A have the 
coérdinates OH = a, EA = b, and the point C the codrdinates OF = c, 
FC =d. Draw AG parallel to OX and SGH perpendicular to OX. Since 
triangles OFC and AGS are equal, AG = c, GS = d. Hence the codr- 
dinates of the point S are OW =a+c and HS =b+d. The sum of 
the vectors from O to the points (a, b) and (c, d) is the vector from O to the 
point (a + c,b +d), whose codrdinates are the sums of the corresponding 
coérdinates of the two points. 

Subtraction of vectors is defined as the operation inverse to addition of 
vectors. If OA and OS are given vectors, the vector OC for which OA 
+ OC = OS is denoted by OS — OA, and is determined by the side OC 
of the parallelogram with the diagonal OS and side OA. 

18 
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2. t Multiplication of Vectors. Let A be a point {r, 0} with the polar 
coordinates r,@. Then r is the positive number giving the length of the 
line OA, while 6 is the measure of the angle XOA when measured counter- 
clockwise from OX, as in Trigonometry. Let C be the point {7’, 6’} with 
the polar coédrdinates 7’, 6’. 

_ The product OA - OC of the vectors from O to A = fr, 6? and to C= 
ir’, 0} is defined to be the vector from O to P = {rr’,@ + Ot. | 


; U 
Fig. 11 Fig. 12 


To construct this product geometrically, let U be the point on the 
z-axis one unit to the right of O. Let the triangle OCP be constructed 
similar to triangle OUA, such that corresponding sides are OC and OU, 
CP and UA, OP and OA, and such that the vertices O, C, P are in the 
same order (clockwise or counter-clockwise) as the corresponding vertices 
O,U, A. Then OP:7r’ =r:1, so that the length of OP is rr’. The 
angle XOP, measured counter-clockwise from OX, equals 6 + 6’, and may 
exceed four right angles. Hence the product of the vectors OA and OC 
is the vector OP. 

If OC = OU, then OP = OA, and OU-.OA = OA. Hence vector OU 
plays the réle of unity in the multiplication of vectors. 

Division of vectors is defined as the operation inverse to multiplication 
of vectors. If OA and OP are given vectors, the vector OC for which 
OA-OC = OP is denoted by OP/OA. If A = {r, 6} and P = {r, 6:3 then 
C =$r,/r, 0: — 9%. Division except by zero is therefore always possible 
and unique. 

EXERCISES } 

1.+ Vector addition is associative: (OA + OC) + OL = OA + (OC + OL), 

2.+ Vector multiplication is associative: (OA +OC)+-OL = OA + (OC + OL). 

3.¢ Draw the figure corresponding to Fig. 12, when OA is in the third quadrant 
and OC in the first quadrant. 
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3. Symbol for Vectors from O. We consider only vectors starting 
from the fixed point O. Such a vector OA is uniquely determined by its 
terminal point A = (a,b) and hence by the Cartesian codrdinates a, b of 
the point A referred to fixed rectangular axes OX and OY. We may 


therefore denote the vector OA by the symbol [a, 6]. Then 


(1) [a, b] = [c, d] if and only if a =c, b =d. 

By the definition of addition and subtraction of vectors (§ 1), 
(2) [a, 6] + [c, d] = [a+ c¢,b +d], 
(3) [a, b] — [e, d] = la — c, b — d]. 


As our definition of the product of two vectors was made in terms of 
polar codrdinates, we must now express the product in terms of Cartesian 
coordinates. By Fig. 11, we have 


a=reos6, b=rsin @. 
Similarly, if the point (c, d) has the polar codrdinates 7’, 6’, 
c=’ cet, “b= ane: 
Hence the definition (§ 2) of the product of two vectors gives 
[a, b] [c, d] = [rr’ cos (6 + 6’), rr’ sin (6 + 6’)], 
the final numbers being the Cartesian codrdinates of the point with the 
polar coérdinates rr’ and @+ 6’. But 
rr’ cos (0 + 6’) = rr’ (cos 6 cos 6’ — sin @ sin 9’) = ac — bd, 
rr’ sin (6 + 6’) = rr’ (sin 9 cos 6” + cos @sin 6’) = be + ad. 
Hence, finally, 
(4) [a, b] [c, d] = [ac — bd, ad + bc]. 
Given a, b, e, f, we can find solutions c, d of the equations 
ac—bd=e, ad+bce=f, 
provided a? + b? # 0, viz., a and b are not both zero. Then 
fa, Bile, df = [6 7} 
determines [c, d], its expression being 
. ffl factyy afte] 
[a, b] e’+R? a+b 
Hence division, except by the zero vector [0, 0], is always possible and 
unique. 
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4.{ Introduction of Complex Numbers. Giving up the concrete in- 
terpretation in §3 of the symbol [x, y] as the vector from the origin to 
the point (2, y), we shall now think abstractly of a system of elements 
[z, y] each determined by two real numbers 2, y, and such that the sys- 
tem contains an element corresponding to any pair of real numbers. 
While the present abstract discussion is logically independent of the 
earlier exposition of vectors, yet we shall be guided in our present choice ~ 
of definitions of addition, multiplication, etc., of our abstract symbols 
[x, y] by the desire that the vector system shall furnish us a concrete 
representation of the present abstract system. Accordingly, we define 
equality, addition, subtraction, multiplication and division of two ab- 
stract elements [z, y] by formulas (1)-(5). In particular, we have 


[a, 0] a [c, 0] 7 la + ¢, 0], 
oi [c, 0] _ [ec 
[a, 0] [c, 0] = lac, 0], [a, 0| 4 E 0]; 


provided a ~ 0 in the last relation. Hence the elements [z, 0] combine 
under our addition, multiplication, etc., exactly as the real numbers x 
combine under ordinary addition, multiplication, etc. We shall there- 
fore introduce no contradiction if we now impose upon our abstract 
system of elements [z, y],.subject to relations (1)—(5), the further condi- 
tion that the element [z, 0] shall be the real number x. Then, by (4), 


OL OF ei [4D] a1. 
We write 7 for [0,1]. Hence 2? = —1. Then 
[x, y] = [z, 0] + [0, y] = x + ly, 0] [0, 1] = x+y. 


The resulting symbol x + yi is called a complex number. For y = 9, it 
reduces to the real number z. For y # 0, it is also called an imaginary 
number. The latter is not to be thought of as unreal in the sense that 
its use is illogical. On the contrary, x + yi is a convenient analytic rep- 
resentation of the vector from the origin to the point (a, y), and the sum, 
product, etc., defined above, of two such complex numbers then repre- 
sent those simple combinations of the two corresponding vectors (§§ 1, 2) 
which are constantly used in the applications of vectors in mechanics and 
physics. Since these vectors from O are uniquely determined by their termi- 
nal points, we obtain a representation (§ 8) of complex numbers by points 
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in a plane, a representation of great importance in mathematics and its 
applications. 

If in (1)-(5), we replace the symbol [a, b] by a + bi, etc., we obtain the 
formulas given in § 5. 


5. Formal Algebraic Definition of Complex Numbers. The equa- 
tion x? = —4 has no real root, but is said to have the two imaginary roots 
V—4 and — V—4. We shall denote these roots by 27 and —2 i, agree- 
ing that 7 is a definite number for which 7? =—1. Similarly, we shall 
write V3 in preference to V—3. If p is positive, Vp is used to denote 
the positive square root of p. 

If a and 6b are any two real numbers, a + bi is called a complex number 
and a — bi its conjugate. Two complex numbers a + bi and c + di are 
called equal if and only if a=c,b=d. Thusa+0i =O if and only if 
a=b=0. 

Addition of complex numbers is defined by 


(a + bi) + (c+ di) = (a+c) +(0 + di. 


The inverse operation, called subtraction, consists in finding a complex 
number z such that (c + di) +2=a+ bi. In notation and value, z is 


(a+ bt) — (c+ adi) = (a—c)+(6-—d)i. 
Multiplication is defined by 
(a + bt) (c + dt) = (ac — bd) + (ad + be)i, 


and hence is performed as in formal algebra with a subsequent reduction 
by use of 22 = —1. If we replace b by —b and d by —d, the right member 
is replaced by its conjugate. Hence the product of the conjugates of two 
complex members equals the conjugate of their product. 

Division is defined as the operation inverse to multiplication, and con- 
sists in finding a complex number g such that (a + bi)q=e+ fi. Mul- 
tiplying each member by a — bi, we find that gq is, in notation and value, 


etfe (e + fr)(a — bi) ae + bf af — be. 


atbh=|6=—CU CCH 


Since a? + b? = O implies a = b = 0 when a and b are real, division except 
by zero is possible and unique. 
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6. The Cube Roots of Unity. The roots of 23 = 1 are unity and the 
numbers for which 


bol og 3 
peg ee ot te tO eee oe ee eV 8 A. 


Hence the three cube roots of unity are 1 and 


w= —-$4+3V3i, o = -4-3V3i. 


EXERCISES 


Verify that wo’ = «, ww’ = 1, # +o+1=0,8 =1. 
. The sum and product of two conjugate complex numbers are real. 
Express as complex numbers 


84+5i atbi 34+V—5' 
2-31 a-bi 24+V7 =] 


ey Ls 


4, If x, y, z are any complex numbers, 
aty=yte, @+ty)+z=r2+r2), 
cy = yx, (cy)e= xyz), ty +z) = ry + 22, 
What is the name of the property indicated by each equation? 


5. If the product of two complex numbers is zero, one of them is zero. 
6.+ Deduce the laws in § 5 from those in § 4. 


7. Square Roots of a + bi found Algebraically. Given the real num- 

bers a and b, b ¥ 0, we seek real numbers x and y such that 

atbh=(e+yyr="’-y+2cy. 
Thus 

ge—y=a, 2ry =), 
(2 + y)? = (2 — yy? +4ay = a2 + 0%. 
Since x and y are to be real and hence 2” + y’ positive, 
ety = Va? + b, 


the positive square root being the one taken. Combining this equation 

with x? — y* = a, we get 

Ve+bh+a . Ve+b—a 
re ‘= nine 


2 
ee 2 y D 
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Since these expressions are positive, real values of x and y may be found. 
The two pairs x, y for which 2 zy = 6 give the desired two complex num- 
bers x + yi. 

It is not possible to find the cube roots of a general complex number by 
a similar algebraic process (Ch. III, § 6). 


EXERCISES 
Express as complex numbers the square roots of 
1. —7 +241. i 2. —11+ 607. 3. 5 — 127. 
4. 4ced+ (207 —2 ai. 5. 0 —-P-2V—Cd. 


8. Geometrical Representation of Complex Numbers. Using rec- 
tangular axes of codrdinates, we represent* a + bi by the point A = (a, b). 
The positive number r = Va? + b? giving the length of OA is called the 
modulus (or absolute value) of a+ bi (Fig. 11). The angle 6 = XOA, 
measured counter-clockwise from OX, is called the amplitude (or argument) 
ofa+bi. Thus 
(6) a+ bi = r(cosé+7sin@). 

The second member is called the trigonometric form of a+ bi. 

If c+ di is represented by the point C, then the sum of a+ bi and 
c+di is the complex number represented by the point S (Fig. 10) 
determined by the parallelogram OASC. Since OS = OA + AS, the 
modulus of the swm of two complex numbers is equal to or less than the sum 
of their moduli. 


For example, the cube roots of unity are 1 and 


w= —14+1V3i 
= cos 120° + isin 120°, 
w? = —1 -1V37 


cos 240° + 7 sin 240°, 


and are respresented by the points marked 1, w, w? in Fig. 13. They form 


* It will be obvious to the reader who has not omitted §§ 1-4 that the present rep- 
resentation is essentially equivalent to the representation of a@ + bi by the vector from 
O to the point (a, b). 
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the vertices of an equilateral triangle inscribed in a circle of unit radius ' 
and center at the origin O. 


9. The product of the complex number (6) by r’(cos a + isin a) is 
j rr’ [cos (9 + a) + isin (6+ a)], 
since 
(7) (cos @ + 7sin #)(cosa +isin a) = cos (0+ a) + isin (6+ a). 
The latter follows from 
cos 9 cos a — sin# sina = cos (6 + a), 
cos # sina + sin @ cos a = sin (6+ a). 
Hence the modulus of the product of two complex numbers equals the product 
of their moduli, and the amplitude of the product equals the sum of their 
amplitudes. 


The product may be found geometrically as in Fig. 12. 
For the special case a = 6, (7) becomes 


(cos 6 + isin 6)? = cos26+7sin 20. 


This is the case n = 2 of formula (8). In particular, we see why the 
amplitude of w” is 240° when that of w is 120° (end of § 8). 


10. De Moivre’s Theorem. If n is any positive integer, 
(8) (cos 6+ 7 sin 6)” = cos nO +7 sin n0. 
This relation is an identity if m = 1 and was seen to hold if n = 2. 


To proceed by mathematical induction, let it be true if n = m. Using 
(7) for a = m6, we then have 


(cos @ + isin #)”+! = (cos 6 +7 sin #)(cos @ + 7 sin 0)™ 
= (cos 0 + isin 6)(cos md + 7sin m0) = cos (m + 1)6 +7 sin (m + 1)6. 


Hence (8) is true also ifn =m-+1. The induction is thus complete. 


Since cos @+7sin @ represents the vector from the origin O to the point }1, 6}, 
given in polar coérdinates, its nth power represents (§ 2) the vector from O to the 
point {1, no} and hence is cos n@ + 7 sin n0. 


’ 
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11. Cube Roots. To find the cube roots of a complex number, we 
first express it in the trigonometric form (6). For example, 
472 +4<V2i = 8 (cos 45° + isin 45°). 
If it has a cube root of the form (6), then, by (8), 
r (cos 36 + isin 3 @) = 8 (cos 45° + isin 45°). 
Their moduli r? and 8 must be equal, so that the positive real number r 
equals 2. Since 3 6 and 45° have equal cosines and equal sines, they differ 
by an integral multiple of 360°. Thus 
6 = 15° + k- 120° (k an integer). 
Since in (6) we may replace 6 by 6 + 360° without changing a+ bz, we ob- 
tain just three distinct cube roots (given by & = 0, 1, 2): 
2 (cos 15° + 7 sin 15°), 2 (cos 135° + 7 sin 135°), 2 (cos 255° + 7 sin 255°). 


EXERCISES 


1. Verify that the last two numbers equal the products of the first number by 
w» and w, given at the end of § 8. 
2. Find the three cube roots of —27; those of — 7. 


3. Find the three cube roots of —} + } V3i. 


12. nth Roots. Let p be a positive real number. As illustrated in 
§ 11, it is evident that the nth roots of p (cos A +7 sin A) are the prod- 
ucts of the nth roots of cos A +7sin A by the positive real nth root of 
p. Let an nth root of cos A +7 sin A be of the form (6). Then, by (8), 


r(cos né + 7sin nd) = cosA +7sin A. 


Thusr” = 1,r = 1, and nO = A + k- 360°, where k is an integer. Thus 
n distinct nth roots of cos A +7 sin A are given by 


(0) cos tk: 360 Atk: 360 


+ 7s 
n 
whereas k = n gives the same root as k = 0, and k = n+ 1 the same ~ 
root as k = 1, etc. Hence any number # 0 has exactly n distinct nth com- 
plex roots. 


(k= 0,1, «2. 5 m1 


EXERCISES 
1. Find the five fifth roots of —1. 
2. Find the nine ninth roots of 1. Which are roots of x3 = 1? 
3. Simplify the trigonometric forms of the four fourth roots of unity. Check 
the result by factoring x4 — 1. 


TY. 2 
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13. Roots of Unity. By (9) the n distinct nth roots of unity are 


(10) cos 7“ +74 Ae 


(k=0,1,...,n—1), 
where now the angles are measured in radians (an angle of 180 degrees 
equals 7 radians, where 7 = 3.1416, approximately). For k = 0, (10) 
reduces to 1, which is an evident nth root of unity. For k = 1, (10) is 


VA er Oe AL ey ep 
(11) r= cos —- + isin —-. 
By De Moivre’s Theorem (§ 10), the general number (10) equals the kth 
power of r. Hence the n distinct nth roots of unity are | 


(12) Fr are Th Gonay tee eas ie i 
The m complex numbers (10), and therefore the numbers (12), are rep- 
resented geometrically by the vertices of a regular polygon of n sides 


inscribed in the circle of radius unity and center at the origin with one 
vertex on the z-axis (Fig. 14). 


Fig. 14 Fig. 15 


For n = 3, the numbers (12) are w, w’, 1, shown in Fig. 13. 

For n = 4, we have r = cos 7/2 + isina/2 =7. The fourth roots of 
unity (12) are 7, 7? = —1, 73 = —1, 74 = 1. These are represented by the 
vertices of a square inscribed in a circle of radius unity (Fig. 15). 


EXERCISES 


1. For n = 6, r = —o. The sixth roots of unity are therefore the three cube 
roots of unity and their negatives. Check by factoring 7° — 1. 

2. From the point representing a + 67 how do you obtain that representing 
—(a-+ bi)? Hence derive from Fig. 13 and Ex. 1 the points representing the six 
sixth roots of unity. 

3. Which powers of a ninth root (11) of unity are cube roots of unity? 
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14. Primitive nth Roots of Unity. An nth root of unity is called 
primitive if no power of it, with a positive integral exponent less than n, 
equals unity. Since only the last one of the numbers (12) equals unity, 
the number 7, given by (11), is a primitive nth root of unity. 

For n = 4, both 7 and —7 are primitive fourth roots of unity, while 
land —larenot. Just as7? = —1 andi = +1 are not primitive fourth 
roots of unity, so r* is not a primitive nth root of unity if k andn havea 
common divisor d (d>1). Indeed, 


n k 
Ca ra Ca) ER a 
whereas n/d is a positive integer less than n. But if k and n are relatively 
prime, 7.e., have no common divisor exceeding unity, 7 is a primitive nth 
root of unity. To prove this, we must show that (r*)'’ ¥ 1 if 1 is a posi- 
tive integer less than n. Now, by De Moivre’s Theorem, 


ret = cos gals = +7sin seca 


If this were unity, 2 kla/n would be a multiple of 27, and hence kl a 
multiple of n. Since k is relatively prime to n, the second factor 1 would 
be a multiple of n, whereas 0 <1 <n. Hence the primitive nth roots of 
unity are those of the numbers (12) whose exponents are relatively prime to n. 


EXERCISES 


1. The primitive cube roots of unity are w and «@. 

2. For r given by (11), the primitive nth roots of unity are (i) for n = 6, r, r; 
(i) for = 12 rn 

3. For na prime, any th root of unity, other than 1, is primitive. 

4. If ris a primitive 15th root of unity, 1°, r°, r°, r® are the primitive 5th roots 
of unity, and r®, r” are the primitive cube roots of unity. Show that their 8 prod- 
ucts by pairs give all of the primitive 15th roots of unity. 

5. If n is the product of two primes p and q, there are exactly (p — 1)(q — 1) 
primitive nth roots of unity. 

6. If p is any primitive nth root of unity, p, p®, p’, . . . , ep" are distinct and give 
all of the nth roots of unity. Of these, p* is a primitive nth root of unity if and 
only if k is relatively prime to n. 


15. Imaginary Roots Occur in Pairs. The roots of 227+ 2cr+d=0 
are 


(18) SS —c+Ve—d, -ce—Ve-—d. 


- 
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If c and d are real, these roots are both real or are conjugate imaginaries. 
The latter case illustrates the following 


Theorem. Jf a and b are real numbers, b € 0, and if a + bi ts a root 
of an equation with real coefficients, then .a — bi isa root. 
Let the equation be f(x) = 0. Divide f(x) by 


(14) (x —a)’?+B0=(e#—-—a-—bi)(t—at+)di) 


until we reach a remainder rz + s of degree less than the degree of the 
divisor in x. Evidently r and s are real. If the quotient is Q(x), we 
have 


f(z) = Q@) [@— a? +B +re+s, 


identically in « (Ex. 6, p. 15). Letx=a+bi. Since this is a root of 
f(x) = 0, we see that ; 


0=r(iat+ht)+s, O=rat+s, O0=7rb. 


Since b ~ G, we haver = Oandthens = 0. Thus/f(z) has the factor (14), 
so that f(x) = 0 has the root a — bi. 


16.+ Generalization of the theorem in §15. The sum of the roots 
(13) of 22 + 2 cx + d = 0 equals the negative of the coefficient 2 c of z, 
and their product equals the constant term d. It follows that 2 +7 and 
—2 are the roots of “2 
2—iz—-4—21=0, 
and that 2 — i and —2 are the roots of 
2+iz2—-4+271=0. 
We have here an illustration of the following 


Theorem. If aandbare real numbers and if a + bits a root of f(z) = 0, 
then a — bi is a root of g(z) = 0, where g(z) 1s obtained from the polynomial 
f(z) by replacing each coefficient c + di by its conjugate c — di. 

Consider any term (c + di)z* of f(z). Replace z by x + yi, where x 
and y are real. The term 

(c + di) (a + yi) 
of f(x + yi) has as its conjugate imaginary the product 


(co — di)(« — yi)* 
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of the conjugates of the factors of that term (§5). But the new product 
is a term of g(x — yi). Hence the latter is the conjugate A — Bi of 
f(x + yi) = A + Bi, where A and B are polynomials in x and y with 
real coefficients. 

Take x=a, y=b. Then A=B=0 by hypothesis. Hence g(a—bi) =0. 


EXERCISES 


1.¢ The theorem in § 15 is a corollary to that in § 16. 
2. Solve 2? — 32? — 62 — 20 = 0, with the root —1 + V —3. 
3. Solve ct — 423+ 52? — 2x2 — 2 = 0, with the root 1 — i. 
4.-Find the cubic equation with real coefficients two of whose roots are 1 and 
3+ 27%. i 
ae Given that x? + (1 — 7)z? +1 =0 has the root 7, find a cubic equation 
with the root —7. Form an equation with real coefficients whose roots include 
the roots of these two cubic equations. 
6. Ifan equation with rational coefficients has a root a + Vb, where aand b are 
rational, but V0 is irrational, it has the root a — Vb. [Use the method of § 15.] 
7. Solve et —4a3+42—1 = 0, with the root 2+ V3. 
8. Solve 23? — (4+ V3)a2 + (5+4 V3)2—-5V3 = 0, with the root V3. 
9. Solve the equation in Ex. 8, given that it has the root 2 + i. 
10. What,cubic equation with rational coefficients has the roots 3, } + V2? 


CHAPTER, III 
ALGEBRAIC AND TRIGONOMETRIC SOLUTION oF CuBIC EQuaTIONS 


1. Reduced Cubic Equation. If in the general cubic equation 


(1) x+ ba? +cr+d=0, 
we set x = y — 6/3, we obtain a reduced cubic equation 
(2) y+ py +q=0, 
where 
b? ben 20" 
(3) Dia DSi a rea ae 


A geometrical interpretation of this process was given in Ex. 5, p. 10. 
We shall find the roots y;, y2, y3 of (2). Then the roots of (1) are 
b b b 


(4) pie is 3? aa” ts = Ya — 3" 


2. Algebraic Solution of Cubic Equation (2). We shall employ a 
method essentially that given by Vieta * in 1591. We make the substi- 
tution 


(5) y=e- 
in (2) and obtain 


3 
a +q=0. 


(OTA 
Multiplying each member by 2’, we get 1 
Sb 
(6) + gz! — 55 = 0. 
Solving this as a quadratic equation for 2’, we obtain 
3 q _{p 3 q ae 
(7) a= —1sVR, r= (2) +(8) 


* Opera Math., IV, published by A. Anderson, Paris, 1615. 
31 
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By Ch. II, § 11, any number has three cube roots, two of which are the 
products of the remaining one by 
(8) w= —-4£44V3i, w= —}-1 Vi. 


Since 


we can choose particular cube roots 


(9) A=\/-4+-VE, B=\/-{-vE, 


such that AB = —p/3. . Then the six values of z are 
A, wA, wA, B, wB, wB. 
These can be paired so that the product of the two in each pair is —p/3: 
AB =-—p/3, wA-wB= —p/3, wA-wB = —p/3. 
Hence with any root z is paired a root equal to — p/(8z). By (5), the 
sum of the two is a value of y. Thus the three roots of (2) are 
(10) y=A+t+B, y=wA+o°B, y= wA + owB. 


These are known as Cardan’s formule for the roots of a reduced cubic 
equation (2). The expression A + B for a root was first published by 
Cardan in his Ars Magna, 1545, although he had obtained it from Tartaglia 
under promise of secrecy. 


EXERCISES 
1. For y®—15y—126=0, y=z2z+5/ze and 
26 — 1262 + 125 = 0, = 1 or 125, 2=1, w, w, 5,50, 50% 
The first three 2’s give the distinct y’s: 6, # + 5 w, w + 5 w. 
2. Solve y? — 18y + 35 = 0. 3. Solve 2° + 622+ 32+18 =0. 
4, Solve y3 —2y+4=0. 5. Solve 2823+ 92? -—-1=0. 
6. Using o* + »+ 1 = 0, show from (10) that 
WAtYtys=0, YWYy2ztyyst+ yys=P, Yyys = —g. 
. By (8), (4) and Ex. 6, show that, for the roots of (1), 


M+a+%3 = —), LX. + XX3 + Xat3 = C,, = Lias = —d. 


«J 
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3. Discriminant. By (10) and w = 1, 

Yue (la) (A = oB), 
Yi — Ys = —w* (1 — w)(A — wB), 
Y2 — Y3 = w(1—w)(A — B). 

To form the product of these, note that w? = 1 and, by (8), 

(1.— w)§ = 3 @? — w) = —3 V3i. 

Since the cube roots of unity are 1, w, w?, we have 

2 —1= (¢# — 1)(@# — a) (x — o%), 


identically in z. ‘Taking x = A/B, we see that 


(11) Ga BPS ee BVEA oR A BY. 
The left member equals 2 VR by (9). Hence 
(12) (yr — y2) (ys — Ys) (Yo — ys) = 6 V3 VRi. 


The product of the squares of the differences of the roots of any equation 
in which the coefficient of the highest power of the variable is unity shall be 
ealled the discriminant of the equation. Thus the discriminant is zero if 
and only if two roots are equal, and is positive if all the roots are real. 

In view of (12) the discriminant A of the reduced cubic equation (2) 
has the value 
(13) A = —108R = —4p’ —27 ¢. 

By (4), 21 — x2 = yi: — Ye, etc. Hence the discriminant of the general 
cubie (1) equals the discriminant of the corresponding reduced cubic (2). 
By (8) and (13), 


(14) A = 18 bcd — 4b'd 4+ bc? — 4c3 —27 d?. 
It is sometimes convenient to employ a cubic equation 
(15) ax? + ba? + cx +d =0, 


in which the coefficient of 2? has not been made unity by division. The 
product P of the squares of the differences of its roots 1s evidently derived 
from (14) by replacing 6, c, d by b/a, c/a, d/a. Thus 
(16) atP = 18 abcd — 4b'd + bc? — 4.ac3 — 27 a*d?. 

This expression (and not P itself) is called the discriminant * of (15). 


* Some writers define —;, a‘P to be the discriminant of (15) and hence —,, A as 
that of (1). On this point see Ch. IV, § 4. 
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4. Theorem. A cubic equation with real coefficients has three distinct 
real roots, a single real root, or at least two equal real roots, according as its 
discriminant is positive, negative or zero. 

It suffices to prove the theorem for a reduced cubic equation (2) in 
which p and q are real. First, let A=0. By (13), R=0. Using (8), 
we find that the roots (10) are 


(17) A-B, —3(G +B) £4 — B) vV36 


But A and B, in (9), may now be taken to be real, since R = 0. 

If R>0, A+B and A+ B is the only real root. If R = 0, then 
A = B and the roots are real and at least two are equal. 

Next, let A > 0,so that R <0. Since —3 q+ Vis an imaginary num- 
ber it has (Ch. II, § 11) a cube root of the form A = a + £2, where a and 
6 are real and 6 #0. Then (Ch. II, $16) B = a — fi is a cube root of 
—iqg—~+R. For these cube roots, the product AB is real and hence 
equals — p/3, as required in §2. Hence 


41 = 2a, ye = —a — B V3, ys = —at+Bv3. 


These real roots are distinct since A ¥ 0. 


EXERCISES 


Find by means of A the number of real roots of 

1 yY—1y4+4=0. 2. Y-—2y+54=0. 3. 28 +422—-—1127+6=0. 

4. Using A = (a — 2)? (a — 23)? (v2 — 23)?, show that, if 2, and a are con- 
jugate imaginaries and hence x3 real, A <0; if the 2’s are all real and distinct, 
4 >0. Deduce the theorem of § 4. 

5. Deduce the same theorem from Ch. I, § 9. 


5. Irreducible Case. When the roots of a cubic equation are all real 
and distinct, R is negative (§ 4), so that Cardan’s formule present their 
values in a form involving cube roots of imaginaries. This is called the 
irreducible case.* We shall derive modified formule suitable for numer- 
ical work. Since any complex number can be expressed in the trigono- 
metric form, we can find r and @ such that 


(18) —3}q+ VR =r (cosé+isin8). 


* This term is not to be confused with ‘irreducible equation.” 
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In fact, the conditions for this equality are 


—3q¢=rcos#, R= —rsin?9. 
Hence . 3 
1? = 7? (cos?6 + sin?) =ig—R= S , 
= pS p* —* bras 5a ney 

a®) J V Dee ae mews VOT. 


Since R is negative, p is negative and r is real. Since R < 0, the value 
(19) of cos 6 is numerically less than unity. Hence @ can be found from 
a table of cosines. 

The complex number conjugate to (18) is 


(20) —iq—VR =r(cos@ — isin6). 
The cube roots of (18) and (20) are 


VP cos Ea isin EY (m = 0, 1, 2). 


For a fixed value of m the product of these two numbers is —p/3. Hence 
their sum is a root of our cubic equation. Thus af R is negative, the three 
distinct real roots are 


(21) 2\/ SP cos is mn ou (aa toy. 


EXERCISES 


1. Solve the cubics in Exs. 1, 2, page 34. 
2. Solve y® -—-2y—1=0. 3. Solvey®— 7y +7 =0. 
4, Find constants r and s such that 


1 
Pat ag ee 8) — 8 ht) 


=8 
identically in y. Hence solve the reduced cubic equation. 

6.+ Algebraic Discussion of the Irreducible Case. Avoiding the use 
of trigonometric functions, we shall attempt to find algebraically an 


exact cube root x + yi of a + bi, where a and b are given real numbers, 
b +0. We desire real numbers x and y such that 


(c+ yt)? =a+ bi, 
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whence e—3ay=a, 3ry—y=bd. 
Thus y ~ 0 and we may therefore set x = sy. Hence 
(8 -—3s)y=a, (88° —LDy=b 
Ehminagng y®, we get 


3a ee 
S78 = 38 a0. 


Set s = t + a/b. We obtain the reduced cubic equation 


2 7 
P —3kt— 25k =0 (i) = 5 +1). 


The R of (7) is here — k?. Thus Cardan’s formule for the roots ¢ involve 
A=Vik+hi = V8. Verh 


While the first factor is the cube root of a real number, the second is 
exactly the cube root which we started out to find. 

Hence this algebraic process in conjunction with that in § 2 fails to give 
us the real roots of our cubic equation. Conceivably other algebraic proc- 
esses would succeed; but it can be proved * rigorously that a cubic equation 
with rational coefficients having no rational root, but having three real 
roots, cannot be solved in terms of real radicals only. Hence there does 
not exist an algebraic process for finding the real values of the roots in 
the irreducible case. 

A cube root of a general complex number cannot be expressed in the 
form x + yt, where x and y involve only real radicals. For, if so, Cardan’s 
formulz could be simplified so as to express the roots of any cubic equa- 
tion in terms of real radicals only. 


7.{ Trigonometric Solution of a Cubic Equation with A > 0. In the 
irreducible case we may avoid Cardan’s formule and the simplifications 
in §5. The same final results are now obtained by a direct solution based 
upon the well-known trigonometric identity 


cos 3x2 = 4cos* a — 3cosz. 


* H. Weber and J. Wellstein, Hncyklopddie der Elementar-Mathematik, I, ed. 1, p. 325; 
ed. 2, p. 373; ed. 3, p. 364. 
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This may be written in the form 
2—32—fcos32%=0 


To transform cubic (2) into this one, set y = nz. Thus 


37 


(z'=cos'x). 


Since R < 0, p < 0 and the value of cos 3 x is real and numerically < 1. 
Hence we can find 3 x from a table of cosines. The three values of z are 


then 
cosz, cos(x+120°), cos (a + 240°). 


Multiplying these by n, we get the three roots y. 
Examp_e. For y? — 2y — 1 = 0, we have 


Wie-8/3, cosax = V 27/32,. 3x2 = 23° 17' 0”, 


cos z = 0.99084, cos (x + 120°) = —0.61237, cos (x + 240°) = —0.37847, 


y = 1.61804, — 1, — 0.61804. 


EXERCISESt 
Solve by the last method 
1 f—J7y+7=0. 2. f2+327-—22—-—5=0. 
3. b@+a?—2e—1=0. 4, 8+427—-—7=0. 


5. The cubic for t in § 6 has three real roots; in just three of the nine sets of 


solutions x, y, both are real. 


CHAPTER IV 
ALGEBRAIC SOLUTION OF QUARTIC EQUATIONS 
1. Ferrari’s Method. Writing the quartic equation 

(1) z+ ba? + cr? +dxr+e=0 
in the equivalent form 

(2? + 3 bx)? = (4b? — c)a? — dr — 
and adding (a? + 3 ba)y + 4y? to each member, we get 
(2) eats ba sy) (206 -y)a  by —e e e 


We seek a value y; of y such that the second member of (2) shall be the 
square of a linear function of x. For brevity, write 


(8) Bb—4c+4y=P. 
We here assume that ¢ ~ 0 (cf. Exs. 3, 4, p: 40). We therefore desire 
that 
bby — a)? 
(4) pee + bby —detiyt—e=(se+2 ="). 


The condition for this is that the terms free of x be equal: 


‘ (3 by: — d)? 
1,,2 = eet 
(5) ay : b—4c+4y, 


Hence y; must be a root of the resolvent cubic equation 
(6) y> — cy? + (bd — 4e)y — Be +4ce-—@=0. 


After finding (Ch. IIT) a root y: of this cubic equation, we can easily 
get the roots of the quartic equation. In view of (2) and (4), each root 
of the quartic equation satisfies one of the quadratic equations 


+3(b—xe+ oy — by — d)/t =0, 


P+eb+het gut by — d)/t =0. 
38 


(7) 


§ 2, 3] QUARTIC EQUATIONS 39 


EXERCISES 


1. Forat+ 223 — 122? — 10x +3 = 0, show that (6) becomes 
y+ 12y? — 32y — 256 = 0, with the root y: = —4, and that (7) then become | 


e-+4e—l=0, 2—2%—3)=.0, 
with the roots —2 + V5; 3, —1. 


2. Solve 2! — 223 —72?+82+4+1 


2s ()s 
38. Solve e#— 823+ 927+82—10=0 


2. Relations between the Roots and Coefficients. Let 2, and x2 be 
the roots of the first quadratic equation (7), 23 and a4 those of the second. 
The sum and product of the roots of 22+ lz +m=0 are —l and m 
respectively (Ch. II, § 16, or Ch. VI, § 1). Hence 


(eue —3(6-1), mm=37y— by — d)/t, 
tta= —2(b+1), wt, = Fy t+ (3 by: —d)/t. 


Using also (5), we find at once that 


(8) 


(9) t+ 42+ 43+ 2%,= —b, xrorsrs = ty —G yr —e) =e, 
(10) wyre  aryrg + at + 203 + Lot4+ UX 34 = M1L2+ (X1 +22) (13+X4) + Het1=C, 
(11) xyes + ayxoay + 110304 + 234 = L1No(x3 + 24) + eera(t1 + 42) = —d. 


It follows from Ex. 3, p. 40 that (9)—(11) hold also when there is no root 
y: for which t ¥ 0. 


For any quartic equation (1), the sum of the roots 1s —b, the sum of the 
products of the roots two at a time is ¢c, the sum of the products three at a time 
is —d, the product of all four is e. 

A proof based upon more fundamental principles is given in Ch. VI, § 1. 


3. Roots of the Resolvent Cubic Equation. ‘These are 


(12) Yr =. UX, + Wes, Yo = X1X3 + Mots, Ys = 1X4 + Lo. 


The first relation follows from (8). If, instead of y:, another root of (6) 
be employed as in §1, quadratic equations different from (7) are ob- 
tained, such however that their four roots are 2, ©, %3, v4, paired in a new 
way. This leads us to expect that y. and y; in (12) are the remaining 
roots of cubic (6). To give a formal proof, note that, by (9)-(.1), 
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Yi + Y2 + Ys = ¢, 


YY2+Yiyst Yoys = (tit ae + v3 + 4) (Xrto%s3 + + + + + XeXzXs) — 4 TyT2sls 
(13) = bd — 4e, 


Yryoys = (Uidtetg +--+ P+ amasrsf(r+---)?-—4(amt---)} 
= d@+e(b? —4c). 


Hence by Ex. 7, p. 32, or by Ch. VI, §1, 1, ye, ys are the roots of (6). 


EXERCISES 


1. Why is it sufficient for the last proof to verify merely the first two relations 
(13)? : 

2. In Lagrange’s solution of quartic (1), we begin by showing that the num- 
bers (12) are the roots of cubic (6) by using (13) and the theorem of §2. Leta 
root y; be found. Then we obtain 272 = 2 and x3r4 = 22 as the roots of 2* — yz 
+e=0. Next, 7 + 2 and x3 + 2, are found from 


(a1 + %2) + (@s + 44) = —b, 20(a1 + 2) + (es + a4) = —d. 


Hence 2 and 2, +3 and 24 are found by solving quadratic equations. Give the 
details of this work. 

3. If the ¢ corresponding to each root of (6) is zero, equation (1) has all its 
roots equal. For, by (8), the y’s all equalc —i0%. By (13), 3m =c, 3y2 = 
bd —4e. Hence c = 30?, &b4 = bd —4e. Eliminating e between the latter 
and (3 06?)3 = y3 = be — 4ce + d’, which follows from y, = c — } }? and (13), we 
get (¢s  — d)? = 0. Then (1) equals (« + }6)*=0. 

4. Prove that Ex. 3 is true by showing that @ = (a + x2 — x3 — 24)”. 

5. Solve «3 + px + gq = 0 (p #0) by choosing c so that the quartic 


(z — c)(@* + px + q) = 0 


shall have as its resolvent cubic (6) one reducible to the form 2? = constant. Here 
(6) is 
y® — py’ + cep + 3q)y — cp? — 2cpq — @? + cq = 0. 


To remove the second term, set y = 2+ p/3. We get 
a+ Az + og — ¢cp’ — cpg -—g? — Hp = 0, 
where A = pce? + 38cq — 3 p*. We are to make A = 0; thus 


3 


tpo=—tq+VR, R=t+5 


nae 
“J 


Ny - 
f= oe +ep-+0) +8R=(" VR) (— 40+ VR) 
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ia since + cp -+q=36cR/p. Our quartic has the root ¢ and hence by (8), 
with 6 replaced by —c, also the root 4(¢ + t) —c, where #@ = c? —4 p+4y. 
Hence the given cubic has the root 


y(6—c) = V2—3p+i3e — te, 
which may be reduced to Cardan’s form (Amer. Math. Monthly, 1898, p. 38). 


4. Discriminants. Replacing y by Y + c/3 in (6), me get 
(14) Peele) =), 
in which 
(15) P=bd—4e—3e, Q= —be+tbed + $ce—-#2— 3 &. 
Hence (Ch. ITI, § 3), 


(y1 — Y2)?(y1 — Ys)*(Y2 — ys)? = —4 P? — 27 Q. 
By (12) 


i flea i) pe (ay = X4) (Xe — 3), 
(16) Yi — Ys = (1 — Xs) (42 — 4), 
Yo — Y3 = (1 — Xe) (Lg — a). 
The discriminant A of the quartic (1) is defined to be 


(17) R= Ge — 21) (1 — Xs)" (Su — 2s)" — X3)?(%2—24)?(X3— 24). 
It therefore equals the discriminant of (14): 
(18) A = —4P3 — 27 Q?. 


Any quartic equation and its resolvent cubic have equal discriminants. 


Some writers define the discriminant of (1) to be A/256 and that of a cubic to 
be —A/27. In suppressing these numerical factors, we have spared the reader 
a feat of memory, simplified the important relation between the discriminants of 
a quartic equation and its resolvent cubic, and moreover secured uniformity with 
most of the books to which we shall have occasion to refer the reader. Finally, 
we note that in applications to the theory of numbers, the insertion of the numer- 
ical factors is undesirable and in special cases unallowable (cf. Bull. Amer. Math. 
Soc., vol. 13, 1906, p. 1). 


EXERCISES 
1. For av! + br? + cx? +. dx+e=0, P = p/a, Q = q/a', where 
p = bd —4ae—c?/3, g= —b’e + tbced + face — ad? — #8. 
The discriminant is defined to be a°A; it equals —4 p* — 27 q. 
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2. If x and y are interchanged in 
f = ast + baty + cay? + dry® + ey', 


a function is obtained which may also be derived from f by merely interchanging 
a with e, and 6 with d. Show that the latter interchanges leave p, g and the dis- | 
criminant unaltered. 

3. Since the sum Y; + Y2-+ Y;3 of the roots of a reduced cubic is zero, 


=43(¥i:—Y.)+4(%1—-Ys),.. 


and any root and hence any function of the roots is expressible as a function of the 
differences of the roots. Thus P and Q in (15) are functions of Yi — Yo, etc., 
and hence of y: — ye, etc. Using (16), show that p and qg equal polynomials in 
the differences of a1, ..., 4. 

4. When z is replaced by x + ty, let f of Ex. 2 become 

f =ade+bey+---+ey4 
Show by Ex. 3 that p and g equal the corresponding functions 
p’ = b'd’ — 4a’e’ — c?/3, g’ = —b%e’+ --- 


5. The results in Exs. 2 and 4 are special cases (used in a short proof) of a gen- 
eral theorem: When « is replaced by lx + my and y by rx + sy, let f become f’. 
Then, using the notations of Ex. 4, we have p’ = D‘p, q’ = D®q, where D = ls —mr. 
Hence p and q are called invariants of f. Verify the theorem for the case when x 
is replaced by Iz, y by y. 

6. The discriminant is an invariant and the factor is D®. 

7. Using aort + 4 ary + 6 aor*y? + 4 asvy® + agy* in place of the former f, 
show that p = —4J, q = 16 J, where 


I = aods — 40403 + 8.27, J = adoas + 2 ayaeas — ads? — aay — as’. 
In (14) set Y=22/a; then 2—Jz+2J=0. The discriminant is 
256 (I? — 27 J). 

5. Descartes’ Solution of the Quartic Equation. Replacing x by 
z — b/4 in the general quartic (1), we obtain a reduced quartic equation 
(19) a+qe+rze+s=0, 
lacking the term with 2°. We shall prove that we can express the left 
member of (19) as the product of two quadratic factors * 


(2+2ke+1)(2—-2ke+m) =2+l+m—-4h)2+2 k(m—Dze+ln. 


* Tf the coefficients of z be denoted by k and —k (as is usually done), the expres- 
sions (23) for the roots must be divided by 2. But the identification with Euler’s 
solution is then not immediate. 
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The conditions are 
lL+m—4kR=q, 2k(m—l =r, Im=s. 
If k £0, the first two give 


2m=qt4ke+— ee 


ap 2t=at4e— 


Then lm = s gives 
(20) 644° + 32 ght +4 (g—4s)k — 7? =0. 


The latter may be solved as a cubic equation for k?. Any root k? ~0 
gives a pair of quadratic factors of (19): 
(21) # + 2hettqt2h Fz. 
The 4 roots of these two quadratic functions are the 4 roots of (19). If 
q=r=s = 0, every root of (20) is zero and the discussion is not valid; but 
the quadratic factors are then evidently 2”, 2. 


EXERCISES 
1. For z#— 322+ 62 — 2 =0, (20) becomes 
64 k® — 3-32 k4 + 4-17 k? — 36 = 0. 
The value k? = 1 gives the factors 2+ 2z2—1, 2—2z2+ 2, with the roots 
ie ot eV —1, 
2. Solve 2#—22—8z2-—3=0. 


8. Solve 24 — 102 — 20z2—16 = 0. 
4. Solvea* — 823+ 927+ 82-10 = 0. 


6. Symmetrical Form of Descartes’ Solution. To obtain this sym- 
metrical form, we use all three roots ky’, ke”, ks? of (20). Then 
ki? + ke? + ke? = —} q; kykeo?ks? = r?/64. 
It is at our choice as to which square root of k,? is denoted by +; and 
which by —ki, and likewise as to +h2, +h3. For our purposes any 
choice of these signs is suitable provided the choice give 


(22) kykeke => —r/8. 
Let ki #0. The quadratic function (21) is zero for k = ky if 
r > Skikeks 
(z + ky)? =— 4 —khe?t ky = k2 + ks? + - 4h = (ke Ge k3)*. 
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Hence the four roots of the quartic equation (19) are 
(23) ki + ke + kes, Ky — ke — ke, —Kky+ ke — ks, —ki — ke + hs. 
Writing k? = y, we see that, if y1, ye, y3 are the roots of 


(24) 64 y* + 32 qy? + 4(g? —4s)y—7r? =0, 
then the roots of (19) are the four values 
(25) 2=VyAt Vat Vy, 


obtained by using all of the combinations of the square roots for which, 
by (22), 
(26) VyiVy2V ys = —1/8. 


We have deduced Euler’s solution (Ex. 1) from Descartes’. 


EXERCISES 


1. Assume with Euler that quartic (19) has a root of the form (25). Square 
(25), transpose the terms free of radicals, square again, and show that 


z— 2 (yi t yet ys) 2 — 82Vy Vy V ys + (yi + yo + ys)? 
— 4 (yiy2 + yrys + yoys) = 0. 
From the relations obtained by identifying this with (19), show that y:, ye, ys are 
the roots of the cubic (24) and that (26) holds. 
2. Solve Exs. 1-4 of the preceding set by use of (23). 


3. In the theory of inflexion points of a plane cubic curve occurs the quartic 
equation zt — Sz? — 3 Tz — 7; S? = 0. Show that (24) now becomes 


S\38 = T\2 S\8 
3) -6 o=G)-G), 


and that the roots of the quartic are 
£ViS+VEHViS+oVO+Vis+ a VE, 


where the signs are to be chosen so that the product of the three summands equals 
+T7/6. Here w is an imaginary cube root of unity. 

4. The discriminant A of the quartic equation (19) equals the quotient of the 
discriminant D of (24) by 4°. For, the six differences of the roots (23) are 
2 (ki + ke), 2 (ki + hs), 2 (ko + ks). Thus A = 4° L, where 


L= (ki? = ke?)2(ky? = kes?)?(heo? = k3?)2 = (y = y2)*(y1 bet y3)2(Yo ae Ys)2. 
By definition, D = 644Z. Hence D = 4% a. 
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5. Give a second proof of Ex. 4 by setting y = 2/4 in (24) and thenz =Y — 24/3. 
We obtain (14), in which now } =0,c=q,d=r,e=s. The FOE ER ea of 
(14) equals A. Hence A = (2, — 2)? +++ = 45L = D/4¥. 


6. If a quartic equation has two pairs of conjugate imaginary roots, its dis- 
criminant A is positive. Hence, if A < 0, there are exactly two real roots. 


f Thenrenr * A quartic equation (19) with q, r, s, real, r # 0, and 
with the discriminant A, has 

4 distinct real roots if g and 4s — @ are negative and A > 0, 

no real root if gand 4s — ¢ are not both negative and A > 0, 

2 distinct real and 2 imaginary roots if A < 0, 

at least 2 equal real roots if A = 0. 

Since the constant term of the cubic equation (24) is negative, at least 
one of its roots is a positive real number. Let, therefore, y; > 0, so that 
yoys > 0. Thus ki = Vy, isreal. There are four possible cases to consider. 

(a) yo and ys positive. Then each k; = Vy;is real and the roots (23) 
of the quartic equation are all real. | 

(6) y2 = ys < 0. Then kp = +hks is a pure imaginary. If ke = ky, 
the first two roots (23) are imaginary and the last two are real and equal. | 
If ke = —ks, the reverse is true. 

(c) y2 and yz distinct and negative. The roots (23) are all imaginary. 

(d) yz and yz conjugate imaginaries. Then x, is imaginary and conju- 
gate with either ks or —ks, so that one of the numbers kz + ks; and ky — kg is 
real and the other imaginary. Just two of the roots (23) are real. ; 

Now, if A = 0, at least two y’s are equal by Ex. 4 of the last set. Thus 
we have case (b) or a special case of (a). In either case, the quartic has 
at least two equal roots, by (17), and they are real in both cases. 

Henceforth, let A # 0. By the same Ex. 4, A has the same sign as 
the discriminant D of the cubic equation (24). If A <0, we have case 
(d). Finally, let A > 0, so that y1, yo, ys are real. If ¢ is negative and 
g — 4s is positive, equation (24) has alternately positive and negative 
coefficients and hence has no negative root, so that we have case (qa). 
But if g and 4s — ¢ are not both negative, the coefficients are not alter- 
nately positive and negative, so that the roots y1, yz, ys are not all posi- 
tive,** and we have case (c). 

* Proved by Lagrange by use of the equation whose six roots are the squares of the 
differences of the roots of (19), Résolution des équations numériques, 3d ed., p. 42. 

** The coefficients are — (yi + Y2 + Ys), YY2 + WYs + Y2Ys, — WY2Ys- 
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EXERCISES 


1. Apply this theorem to the quartic equations in Exs. 1-4, p. 43. 

2. Verify that a quartic equation (19) with two pairs of equal imaginary roots 
has r = 0. Deduce the last case of the theorem. 

3. Why does the theorem imply its converse? 


+ CHAPTER V 


THE FUNDAMENTAL THEOREM OF ALGEBRA 


1.j Theorem. Every equation with complex coefficients 
(1) J@=Aa+ae'*+- =. +4a,=0 


has a complex (real or imaginary) root. 

For n = 2, 3, or 4, we have proved this theorem by actually solving 
the equation. But for n = 5, the equation cannot in general be solved 
algebraically, z.e., in terms of radicals. 

We shall first treat the case in which all of the coefficients are real. 
Relying upon geometrical intuition, we have seen in Exs. 3, 5, p. 14, 
that there is a real root if n is odd, or if both n is even and a, is negative. 
But, as in the cases of certain quadratic equations and z*+ 2+5 = 0, 
an equation of even degree may have no real root. No proof of the 
theorem for all cases has been made by such elementary methods. 

The proof here given of the theorem that any equation with real co- 
efficients has a complex root is essentially the first proof by Gauss (1799 

- and simplified by him in 1849). 

We are to prove that there exists a complex number z = x + yi such 

that f(z) = 0. We may write 


(2) f(z) = X.-+ Y2, 


where X and Y are polynomials in x and y with real coefficients. We 
are to show that there exist real numbers x and y such that 


(3) X=0, Y=0. 


For example, if f(z) = 2*-—424+92 — 16z-+ 20, then 
X = 2! 624 + y! — 423+ 1227’? + 92? —9y? — 162 +4 20, 
AY =207y —2ay — 6a’y + 24° + 9ay — Sy. 
The graph of Y = 0 is the z-axis (y = 0) and the graph (indicated by the dotted 
curve in Fig. 16, asymptotic to the lines x = 1 and y = + 2) of 


2(@ — 1)y? =22 —62° +92 —8. 
47 
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Note that there is no real y for z between 1 and 1.73. Since X = 0 is a quadratic 
equation in y’, its graph is readily drawn. There is no real y for x = 0.05 and 1.6 © 


Fig. 16 


and the intermediate values. Cases in which the values of y? are positive and 


rational are 
ct nn aE 


ye 2,25 | 4,5 


5, 148 | 2.5, 54.5 1,8 | 1,26 


y? 
The graphs cross at the points (0, 2), (0, —2), (2, 1), (2, —1), and the roots of 
f(@) =O are2= 2%, 2:7, ' 
We shall employ also the trigonometric form of 2: 


(4) z=r(cos@+7sin@), 
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where 0 =@0<27. Sett = tani 6. Then 
iE; # 2 tan 40 
1+? ~~ sec?i0 


= 2sin }0-cos36 = sin@, 


iO Meike 


tan 6 = mie cos 6 


1 — ?’ tand 1+2 
Thus 
4 = ral ti)" 
1+ 


Hence by (1) and (2), 
(1+0)"(X+ Yi) =r" (1+ ti)?"+ayr" (1+ti)2"2(1+2)+ - ++ +a, (1+e)”. 
Expanding the terms on the right by the binomial theorem, we get 


F(t) ve G(t) 
(is B)% a+ #)" 
where F(t) is a polynomial in ¢ of degree 2 n, and G(t) a polynomial in ¢ 
of degree less than 2 n, each with coefficients involving r integrally. 

Each point (x, y), representing (Ch. II, §8) a complex number 
z=a+ yi having the modulus’, lies on the circle x? + y? = r? with radius 
r and center at the origin of the rectangular codrdinate system. To find 
the points on this circle for which X = 0 or Y = 0, we solve F(t) = 0 or 
G(t) = O (in which ¢ is now a constant), and note that to each real root ¢ 
corresponds a single real value of sin@ and a single real value of cos 6, 
consistent with that of sin#@, and hence a single point (« = rcos@, 
y =rsin@). But an equation of degree 2” has at most 2 distinct 
roots (Ch. I, § 15). Since the degree of G(¢) is less than that of the de- 
nominator of Y in (5), the root t =o of Y = 0 must be considered in 
addition to the roots of G(t) = 0 already examined; for t =, 6 = 7 and 
the point is (—r, 0). Thus neither X nor Y is zero for more than 2 n 
points of the circle with center at the origin and a given radius r. By 
proper choice of r, this circle will have an are lying within any given 
region of the plane. Hence neither X nor Y is zero at all points of a region 
of the plane. 

From (4) and De Moivre’s Theorem (Ch. IT, § 10), we have 


ze = rk (cos ké + isin k6). 


(5) ) X= 


Hence, by (1) and (2), 
Y=r" sin nO+ ar sin (n — 1)0-+ ager” sin (n—2)0+ +++ +a,-197 sin 0. 
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Let g be the greatest of the numerical values of a, ..., G,-1. Then, if 
| D| denotes the numerical value of the real number D, 


es — lee 1 
Y =r" (sinné + D), IDIS9(¢+5+ os +5) <9 


i. ait 

r. 
provided r> 1. If c is a positive constant <1 and if r>1+4q/c, 
then |D| <c. Hence for all angles 6 for which sin n@ is numerically greater 
than c, Y has the same sign as its first term r” sin n@ when r exceeds the 
constant 1 + g/c. 


In our example, we have 
Y =r'sin4@—4r%sin3 0+ 97? sin2 6 — 16rsin 9. 


The limit 1 + 16/c for r exceeds 17 and is larger than is convenient for a drawing. 
But for r = 10, 


Y =r (sin4 e+ D), |D|S=+ 5+ 5 S04 +009 + 0.016, 


Taking c = 0.506 = sin 30° 24’, let C be the number of radians in 7° 34. 

5 Thusc = sin4C. The positive angles 6 (@ < 2 x) 
ens — for which sin 4 @ exceeds sin 4 C numerically are 
3/ “a those between C and }*—C, between }7+C 
i Sy and $a — C, between $4+C and $x—C,..., 
f- +\ between $27 +C and 2x—C. For any such 
/ . angle @ and for r = 10, Y has the same sign as 
| |) Sin 40 and hence is alternately positive and 
\ / negative in these successive intervals, the solid 
\t -/ arcs in Fig. 17. Denote by 0, 1, 2,..., 7 the 
S points on the circle with center at the origin and 
BY. ST x Qa Wa 


N= +e radius 10 whose angles @ are 0 


4? “42 xs Lae 
respectively. 
In the general case, denote by 0, 1, 2,..., 
2n—1 the points with the angles 
iets Qn—1)e 


er, Mae! n 


on the circle with center at the origin and radius a constant r exceeding 
the above value 1 + g/c. Let nC be the positive angle < x/2 for which 
sinnC = c. We define the neighborhood of our kth point of division on 
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the circle to be the are bounded by the points whose angles are kr/n — C 
and kr/n+C. In Fig. 17 for our example with n = 4, each neighborhood 
is indicated by a dotted arc. In the successive arcs (marked by solid 
ares) between the neighborhoods, Y is alternately positive and negative, 
since it has in each the same sign as sin 70. 

It is easily seen that sin 6, sin26, . . ., sin n@ are continuous functions 
of @ (a fact presupposed in interpolating between values read from a 
table of sines). Since r is now a constant, Y is therefore a continuous 
function of 6, and has a single value for each value of 6. But Y has oppo- 
site signs at the two ends of the neighborhood of any one of our points of 
division on the circle. Hence (as in Ch. I, § 12), Y is zero for some point 
within each neighborhood, and at just one such point, since Y was shown 
to vanish at not more than 2 n points of a circle with center at the origin. 
We shall denote the points on the circle at which Y is zero by 


Peeks i kr a sel epee 


For our example, these points Po, . . . , Pz are given in Fig. 18, which shows 
more of the graph of Y = 0 than was given in Fig. 16, but now shows it with the 


scale of length reduced in the ratio 4 to 1 (to have a convenient circle of radius 10). 
We have shaded the regions in which, as next proved, Y is positive. 
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Let the constant r be chosen so large that X also has the same sign as 
its first term r” cos n6, for not too near one of the values 7/(2 n), 3 7/(2 n), 


57/(2n), ..., for which cosn@ = 0. Since these values correspond to 
the middle points of the arcs (01), (12), . . ., no one of them lies in a 
neighborhood of a division point 0,1, .... Now cos n@= +1 or—1 
when @ is an even or an odd multiple of z/n, respectively. Hence X is 
positive in the neighborhood of the division points 0, 2,4, ..., 2n—2 
and thus at Po, P:, Ps .. ., but negative in that of 1, 3,5, ...,2n—1 
and thus at Pi, Ps, Ps, be beac ua 


We saw that Y is not zero throughout a region of the plane. Hence there 


is a region in which Y is everywhere positive (called a positive region), — 


and perhaps regions in which Y is everywhere negative (called negative 
regions), while Y is zero on the boundary lines. : 


In Fig. 18 for our example, there are three positive (shaded) regions, the two 
with a single point in common being considered distinct, and three negative (un- 
shaded) regions. Consider that part of the boundary of P2P3;a which lies inside 
the circle. At every point of it, Y is zero. Now X is negative at P; and positive 
at P. and hence is zero at some intermediate point a on this boundary. Hence 
at a both X and Y are zero, so that a represents a complex root (in fact, 27%) of 


f@ = 0. 


To extend the last argument to the general case, let R be the part in- 
side our circle of a positive region having the points Pz, and Pg» ,4; on its 
boundary. The points of are P:;,P2;4: may be the only boundary paints 
of R lying on the circle (as for P.P3a and P)P.d in Fig. 18), or else its 
boundary includes at least another such are P2;P2,4: (as shaded region 
P,P;bP.P7c in Fig. 18). In the first case, X and Y are both zero at some 
point (a or d) on the inner boundary, since X is negative at P2,.; and 
positive at P,, and hence zero at an intermediate point. In the second 
case, a point moving from P:,, to P:,41 along the smaller included are and 
then along the inner boundary of R until it first returns to the circle 
arrives at a point P2, of-even subscript (as in the case of PyP;bP.). In- 
deed, if a person travels as did the point, he will always have the region 
R at his left and hence will pass from P2; to P24, and not vice versa. Since 
X is negative at P2;4,, and positive at P.,, it (as also Y) is zero at some 
point 6 on the part of the inner boundary of R joining these two points. 
Hence 6 represents a root of f(z) = 0. Thus in either of the two pos- 
sible cases, the equation has a root, real or imaginary. 


$2] FUNDAMENTAL THEOREM OF ALGEBRA oe 


2.t It remains to prove that an equation F(z) = 0, not all of whose co- 
efficients are real, has a complex root. By separating each imaginary coeffi- 
cient into its real and purely imaginary parts, we have F(z) = P + Qi, 
where P and Q are polynomials in z with real coefficients. Let G(z) = P — Qi. 
The equation 

F2)-G@=P?+Q@=0 
has real coefficients and hence has a complex root z = a+ bi. If this is a 
root of F(z) = 0, our theorem is proved. If it is not, then G(a + bi) = 0. 
Then by Ch. II, § 16, F(a — bt) = 0, and the given equation has the root 


= a — Oi. 


EXERCISES 


1.7 For 2 = 11 + 27, draw the graphs of X = 0, Y = 0 and locate the three 
roots of the cubic equation in z. 


Fig. 19 


2.4 For 2—42—2=0, Y=r'sind50—4rsiné. Using polar codrdinates, 
show that the graph of Y = 0 gives the boundaries of the regions in Fig. 19: first 
plot the horizontal line corresponding to sin @ = 0, and then, using various angles 
9 (9 ~ 0,7), find by logarithms the corresponding positive r from 

, . 2st 0 
~ gin 5 0 
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To find the points on these boundaries (Y = 0) for which also 
X =r'cos50—4rcos@—2=0, 


replace 74 by the earlier expression. We get 


4r(sin 6cos5 0 — cos@sin5 6) =2sn560, r= — 


Comparing the fourth power of this fraction with that for 74, we get 
sin? 5 @ = 64sin @sin*4 4, 


which holds for @ = 85° 21’ 30” or its negative. We then get r and therefore 


the roots 
e, 5 = 0.11679 + 1.4385 7. 


On the horizontal line are three real roots, best found by methods of approxima- 
tion given later: 
a = 1.518512, 6 = —0.5084994, y = —1.2435964. 


(H. Weber and J. Wellstein, Encyklopddie der Elementar-Mathematik, ed. 1, I, 
p. 212, p. 296.) 


3.{ Other References. For proofs of the fundamental theorem by Gauss, 
Cauchy and Gordan, see Netto, Vorlesungen tiber Algebra, I, p. 25, p. 173. The 
shortest proofs are by the use of the theory of functions of a complex variable, 
and may be found in texts on that subject. For an algebraic proof resting upon 
the theory of functions of a real variable, see Weber, Lehrbuch der Algebra, 2d ed., 
vol. 1, pp. 119-142. See also Monographs on Topics of Modern Mathematics, 1911, 
p. 201, edited by Young (article by Huntington). In the Amer. Math. Monthly, 
vol. 10 (1903), p. 159, Moritz has pointed out hidden assumptions in various in- 
complete proofs. 


CHAPTER VI 
ELEMENTARY THEOREMS ON THE Roots OF AN EQUATION 


1. Relations between the Roots and the Coefficients. Given an ~ 
equation in x of degree n, we can divide its members by the coefficient of 
x" and obtain an equation of the form 


(1) f@) =a + part + par? +--+ +p, =0. 
By the fundamental theorem of algebra (Ch. V), it has a root a, and 
its quotient by x — a has a root as, etc. Thus 


(2) fw) = @ — a1)(@ — a) -- - (w— az), 
identically in 2. Since the polynomial has n linear factors, each having 
one root, we shall say that the equation has n roots. These may not all 
be distinct; exactly m of them equal a1, if a, is a root of multiplicity m, 
i.e., if exactly m of the linear factors in (2) equal « — a. Next, 
(x — a1)(@ — az) = 2? — (a, + a) x + cas, 

(x — ay) (a — ae) (@— a3) =x? — (a1 + a2 + 03) 2? + (a1a2 + aras3 + a2a3)% — aya203. 
Thus for n = 2 or 3, we see that the product (2) equals 
Pte (as et en) 2" * 4 (cae 4 nas + eas + - * * yay) t 

— (ayagar3t ararast +++ f+ p—2n—1n) 27 2+ +++ +(—1)"arag +++ an. 
Multiplying this by x — ani, we readily verify that the product is a 
function which may be derived from (3) by changing n inton+ 1. It 
therefore follows by mathematical induction that (2) and (3) are identical. 
Hence (1) and (3) are identical, so that 


Gia ty — 


aya, + ajag + + + + Ap-1e, = P2 
(4) arjarga’g + aanas + * + + $n 24,10, = — Ps, 
102 * °* * Ar,-1a, = (—1)"pp. 


For n = 3 and n = 4, the complete formule were given and proved 


otherwise in Ex. 7, p. 32 and Ch. IV, § 2. 
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In an equation in x of degree n, in which the coefficient of x” is unity, the 
sum of the roots equals the negative of the coefficient of x", the sum of the 
products of the roots two at a time equals the coefficient of x"~*, the sum of the 
products of the roots three at a time equals the negative of the coefficient of 
x", etc.; finally, the product of the roots equals the constant term or its nega- 
tive according as n vs even or odd. 

For example, in a cubic equation having the roots 2, 2, 5, the coeffi- 
cient of x equals 2-2+2-5+2-5 = 24. 

Given an equation aopz” + ayww”-!+ --- = 0, we first divide by ap and 
then apply the theorem to the resulting equation. Thus the sum of the 
roots equals —a;/dpo. 


EXERCISES 


1. Find the quartic equation having 2 and —2 as double roots. 
2. Find the remaining root in Exs. 1, 3, p. 9. ei 
3. If a real cubic equation 2? — 622+ +--+ =0 has the root 1+ V—5, 
what are the remaining roots? 
4, Form by the theorem the equations in Exs. 3, 4, p. 15. ny 
5. Given that zt -— 223-—52?-—6x+2=0 has the root 2— V3, find 
another root and, by using the sum and product of the four roots, form the quad- 
ratic equation for the remaining two roots (avoid division). 
6. Find, by use of (4), the roots of zt — 623+ 1327-—12x%+4=0, given 
that it has two double roots. 
7. Solve x2 — 32? — 132+ 15 = 0, with roots in arithmetical progression. 
8. Solve 4 23 — 162? — 94+ 36 = 0, one root being the negative of another. 
9. Solve x? — 9 a? + 23  — 15 = 0, one root being triple another. 
10. Solve x? — 14 2? — 84a” + 216 = 0, with roots in geometrical progression. 
11. Solve at — 2 a3 — 21 2? + 222+ 40 = 0, with roots in arithmetical pro- 
gression. Denote them by c— 3b,c —b,e+b,c+30b. 
12. Solve xt — 623 + 1222 — 102 + 3 = 0, with a triple root. 
13. Find a necessary and sufficient condition that 


f(x) = + piv? + poe + ps = 0 
shall have one root the negative of another. Note that 
(a2 + a3) (a1 + a3) (a1 + az) 
is obtained by substituting « = — , in (2). 
14. If for n = 4 the roots of (1) satisfy the relation aja: = agay, then py2p4 = ps*. 


Note that (4) gives 
sip ORS a02(a3 + as) = acgarg( a + a2) = — Pixar. 


15. What is the coefficient of y"— in the equation y” + + - + = 0 whose roots 
are am —h,*-- , an — h, when the a’s are the roots of (1)? For what value of 


Eee eee 
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h is this coefficient zero? Hence to remove the second term of an equation by 
replacing x by y +h, what value of h must we take? Check by the binomial 
theorem. 

16. Find the equation whose roots are the roots of x? — 622+ 4 = 0 each 
diminished by 3. Remove the second term by transformation. 

17. Prove the binomial theorem by taking the a’s all equal in (2) and (3) and 
counting the number of terms in each coefficient of (3). 

18. Using (1) and (2), show that 


ee or) 1 (hag) = (1 pap)? — (py-b ps + Pst =<), 
See er) = (lan) il — pap, — == 2 am pe po os) 


19. Since a, . . . , ®4, determined by relations (8) of Ch. IV, give the correct 
values of the sums (9)-(11), they are the roots of the quartic equation. Why does 
this give a new solution of the quartic? 

20. Using Ex. 6, p. 32, make a similar argument for the cubic. 


2. Upper Limit to the Positive Roots. For an equation 


f@) = ar" + aat+--- +4,=0 (a # 0) 
with real coefficients, we shall prove the 
Theorem. If a, ai, ... , G1 are each=0, while a, < 0, and if G is 


the greatest of the numerical values of the negative coefficients, each real root ts 
less than 1 + V G/ao. 


For positive values of x, f(x) is numerically greater than or equal to 
gt — Ge er ie a 1) 


gnk+1 eo 1 - gn trl ag (ae tes gees) = Gi + G 
z—1 ) — x—1 fi 


= ane” — G( 


But, if bie 1, ak — ak = (x foam 1* Hence if r=1 =. A CTay, 


a(a —2) =G, f(x) <0. 


3. Another Upper Limit to the Roots. If the numerical value of each 
negative coefficient be divided by the sum of all of the positive coefficients 
which precede it, the greatest quotient so obtained when increased by unity 
gives an upper limit to the positive roots of the equation. 

If the coefficient of x” is positive, we replace x” by 


ied a a 8 ee oe 1) 1 
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The argument will be clearer if applied to a particular case: 
S(%) = pow? — pixt + pow? + psx” — pat + ps = 0, 
where each p; is positive. Then f(x) is the sum of the terms 
poe — 1)at + po(x — 1)a* + po(x — 1)a? + po(e — 1) + pole — 1) + po 


— pi pa(x — 1)a? + p(x — 1)t+ p(t —1) + me 
p3(z — 1)e + p(t — 1) + Ds 
— put Ds- 


The sum of the terms in each column will be positive, if z > 1 and 
DE = l= Pi > 0, Ape pea Pe) 1) — ee 0 


since only in the first and fourth columns is there a negative part. These 
inequalities both hold if 


Pi pa 
pee ey a 
ies ope of Tg ee 


EXERCISES 


Apply the methods of both § 2 and § 3 to find an upper limit u to the roots of 


1. 4a°— 844+ 2223+ 982? —732+5=0. By §2,uw=1+73/4. By §3, 
u= 3, since l1+8/4=3, 1+ 73/124 <3. 
anan 7e—40¢+1=0. By§2,uw=1+ V40=442. By §3,u=9 

—§¢8+72—8r+1=0. 
Ch Ne eet gee ee = 0. 
ai +205+424-— 822 — 32=0. 
If A is the greatest of the numerical values of a, ... , Gn, each root is 
less than 1 + A/a. In the proof in § 2, set k = 1 and replace G by A. 

7. A lower limit to the negative roots of f(x) = 0 may be found by applying 
the above theorems to f(—2z) = 0. To obtain a lower limit to the positive roots 
consider f(1/x) = 0. 

8. Find a lower limit to the negative roots in Exs. 3, 4. 

9. Find a lower limit to the positive roots in Ex. 5 


eC: 


4. The Term “Divisor.” In certain texts it is stated that the relation 
a a2... a, = +p, in (4) implies that “every root of an equation is a divisor 
of the absolute term.” This statement is either trivial or else is not always true. 
It is trivial if it means merely that the absolute term can be divided by any root 
(that root being a complex number), yielding a quotient which is a complex num- 
ber. For, in this sense division is always possible (except when the divisor is 
zero), and a root not zero is a divisor of any number whatever. The statement 
quoted was certainly not meant in this trivial sense, with no special force. The 
only other sense, familiar to the reader, in which a constant is said to be a divisor 


oN Aa 
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of another constant is the following: An integer r is a divisor of an integer p if 
p/T is an integer, so that p = rq, where q is an integer. For example, 4 is a divisor 
of 12, but not of 6. In this reasonable sense of the term divisor in such a connec- 
tion, the statement quoted becomes intelligible only when modified to read: every 
integral root of an equation with an integral absolute term is a divisor of that. 
term. But this is not always true. The integral root 6 of 2? — 222+ 4 = 0 is. 
not a divisor of 4; the root 2 of x? — }2 — 3 = 0 is not a divisor of —3. The 
correct theorem is that next stated. 


5. Integral Roots. For an equation all of whose coefficients are inte- 
gers, that of the highest power of the variable being unity, any integral root is 
a dwisor of the constant term. 


In certain texts, we find a correct statement of this theorem, but an erroneous 
proof. When a and p, are integers and aap... an = +n, it is falsely con- 
cluded that a; isa divisorofp,. But 12-3-+-4=9and 12 is not adivisor of 9. Also 
the examples at the end of § 4 show the falsity of this argument and, indeed, of 
any argument not making use of the hypothesis that all of the coefficients. are 
integers. 


A correct proof is very easily given. Let d be an integral root of equa- 
tion (1), in which now pi, . . . , Pp, are all integers. Then 


(5) d* + pd + pod? + + + + + prid +p, = 0. 


Since d obviously divides all of the terms preceding the last term, it must 
divide pp. 

Hence if there be integral roots of an equation of the specified type, 
they may be found by testing in turn each positive and negative divisor 
d of the constant term p,. The most obvious test is to compute (by the 
abridgment in Ch. I, § 5) the value of f(d) and note whether or not this 
value is zero. We may shorten the work very much by various methods, 
and most by a combination of these methods. 

Evidently it is unnecessary to test a value of d beyond the limits of the 
positive and negative roots. 


6. Newton’s Method for Integral Roots. Consider an equation (1) 
with integral coefficients. Let d be an integral root. It is a divisor of pn 
and we may set 

Pn = dd g-1- 
By removing the factor d from each term of (5), we get 


hos + pid" + ob oe ata Prod = Pn-1 - Yn-1 - 0. 
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The left member is divisible by d, and hence 
. Pn-1 + Oa = ddn-2; 
where g,-2 is an cateeee Then 
Oe Did se Ep, ad 2 1 dae — 
Pn—2 + Qn—2 = An—s, 


‘where q,-3 is an integer, etc. | Conversely, if such a relation holds at 
each step and if, finally, 1 + q is zero, then d is a root, and the quotient 
of f(x) by x — dis 

grt = an" jones i= xs re er, Ga Qn—2t = Qn—1- 


Indeed, in the product of the latter by x — d, the coefficient of x*~* for 
t > 0 is dq: — q: and this equals p; by our relations. 

Corotuary. If disan integral root of an equation f(x) = 27+ ---=0 
with integral coefficients, the quotient of f(x) by x —d is a polynomial 
with integral coefficients. 

This process is a modification of synthetic division (Ch. X, § 4). 


Exampie. f(x) = zt — 923 4 242? — 23%+15=0. Since evidently there 
is no negative root, and since 10 is an upper limit to the positive roots, we have 
only to test the divisors 1, 3, 5 of 15. Nowf(1) = 8. Ford = 3, the work is as 
follows: 


1 —9 24 — 23 15 
aa ea ah e 
0 —3 18 18 


Here we have divided 15 by 3 and placed the quotient under — 23. Adding, we 
get —18, whose quotient by 3 is added to 24, ete. Since the last sum is zero, 3 is 
a root. The quotient has as its coefficients the negatives of the numbers in the 
second line (see the first line below). We test this quotient for the root 5: 


1 6 6 nth 
wat I ae 
0 6 5 


Hence 5 is a root and the quotient is 7 — «+1. The latter does not vanish for 
x = +1. Hence 3 and 5 are the only integral roots and each is a simple root. 
If we had tested a divisor —3 or 15, not a root, a certain quotient would not be 
integral and the work would be stopped at that point. 


7. Another Method. A divisor d is to be rejected if d — m is not a 
divisor of f(m), where m is any chosen integer. 
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For, if d is an integral root of f(x) = 0, 
f(z) = (@@ — d) Qa), 


where Q(x) is a polynomial with integral coefficients (§ 6, Cor.). Then 
f(m) = (m — d)q, where q is the integer Q(m). 


In the example of § 6, f(1) = 8 is not divisible by 14, so that 15 is not an integral 
root. 


Consider the new example 
f(x) = 2? — 2022+ 1642 — 400 = 0. 


There is no negative root and 20 is an upper limit to the roots. The positive 
divisors of 400 less than 20 are 1, 2, 4, 16, 5, 8, 10. The last three are excluded 
since f(1) = —255 is not divisible by 4, 7, or 9. Also 16 is excluded since f(2) = 
— 144 is not divisible by 14. Incidentally we have excluded the divisors 1 and 2. 
The remaining divisor 4 is seen to be a root either by Newton’s method or by 
computing f(4). 


In case there are numerous divisors within the limits to the roots, it is 
usually better not to begin by listing all of the divisors to be tested. For, 
if a divisor is found to be a root, it is preferable to proceed with the quo- 
tient, as was done in the Example in § 6. 


EXERCISES 


Find all the integral roots of 

x— 1027+ 2727 — 18 = 0. 

a4 — 223 — 2122+ 2274+ 40 = 0. 

vw + 47 24 + 423 2 + 1402? + 1213 2 — 420 = 0. 
x? — 3423 + 29 2? 4 2122 — 300 = 0. 


eee hops 


8. Rational Roots. Any rational root of an equation with integral 
coefficients, that of the highest power of the variable being unity, is necessarily 
an integer. 

Let a/b be a root, where a and b are integers with no common divisor 
greater than unity. Set « = a/b in (1) and multiply the members of the 
resulting relation by b”"". We get 


; pa pa b+ -- > + p,10b"? + p,b* > = 


All of the terms after the first are integers. Hence b divides a”. Unless 
b = +1, b has a prime factor which divides a” and hence also a, contrary 
to hypothesis. Thus a/b = -:a is an integral root. 
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The rational roots of any equation with rational coefficients can now 
be readily found. If 1 is the least common denominator of the fractional 
coefficients, we multiply the members of the equation by / and obtain an 


equation 
ay” + ay" + +++ ban =0, 


where d, . . . , @, areintegers. Multiply the left member by ao" and set 
ay = x. We obtain an equation (1) with integral coefficients, that of 
x” being unity. To any rational root y; of the equation in y corresponds 
a rational root ay; of (1), which must be an integer, in view of the theorem 
just proved. Hence we need only find all of the integral roots of the new 
equation (1) and divide them by a to get all of the rational roots y of the 
original equation. 

Frequently it is syfficient (and of course simpler) to set ky = x, where k 
is a suitable integer less than dp. 


EXERCISES 


Find all of the rational roots of 

NN A ls te AU ham 

2. 6y8—11ly+6y—1=0. 

3. 108 y3 — 2704? —42y+1=0. [Usek=6]] 

4. 32y3—6y—1=0. [Use the least k.] 

Form the equation whose roots are the products of 6 by the roots of 
5. 2 —22%—4=0 6. 2&8 —te2?-—te7+2=0. 


ry 


CHAPTER VII 
SYMMETRIC FUNCTIONS 


1. %-polynomials ; Elementary Symmetric Functions. A polynomial in 
the independent variables 7, x , . . . , tn is called symmetric in them if 
it is unaltered by the interchange of any two of the variables. For example, 


te + a” +277 +38%+3%+3.23 


is a symmetric function of «1, 2, 23. The sum of the first three terms is 
denoted by 22; and the sum of the last three by 3 Dx. In general, if é 
is a product of powers of %, . . . , Xn, Whose exponents are integers = 0, 
xt denotes the sum of this term ¢ and all of the distinct terms obtained 
from it by permutations of the variables. Since such a Y-polynomial 
2t is unaltered by every permutation of the variables, it is unaltered in 
particular by the interchange of any two variables and hence is a sym- 
metric function. For example, if there are three variables a, 8, y, 


Bey = ce SY ar 98 “Bye, 
Bape = Op ya Pay a oye yrs + Oya ye. 
Just as in the case of the initial example, any symmetric polynomial is 
evidently a linear combination of 2-polynomials with constant coefficients. 
The 2-polynomials, of the first degree in each variable, 
(1) i= 2X1, EH, = DX4%X2, EB = DU X203, EG. Gn Bs TUL eo ce nln 


are called the elementary symmetric functions of %, .. . , &n. 

Frequently we shall employ the notation a, . .. , a, for the indepen- 
dent variables. By Ch. VI, $1, a, ... , a are the roots of an equation 
of degree n, 

(2) et ae ae Dyan ey pil 2 2 Dy = OQ, 


in which —p1, po, —p3, - - - , (—1)"pn equal the elementary symmetric 
functions of the roots. It is customary to make the latter statement 


also for an equation whose roots are not independent variables. 
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But in the latter case it is preferable to say that —p1, p2, . . . equal the elemen- 
tary symmetric functions formed for the roots, thus indicating that we have in 
mind the values of certain functions of arbitrary variables, . . . , 2, fora, = a, 

- In = On, It may happen that the resulting polynomials in a, .. . , e,are 
not symmetric in a, ..., a. For example, if the three roots are a, 8, 8, we have 
—pi=at28, po = 206+ 6, —ps = of’, which are the values of 2; + 22 + Zs, 
etc., but are not themselves symmetric in a, 8, 6, being altered by the interchange 
of a and 8. 

However, this point will give no trouble in the exercises below, since the roots 
are given distinct notations and_may, if it is desired, be regarded as independent 
variables. 


2. Products of Z-polynomials. It is a fundamental theorem that any 
symmetric polynomial in the roots is expressible rationally and integrally 
in terms of pi, po, . . . , Pn and the coefficients of the symmetric poly- 
nomial. To prove this, it suffices to show that any =-polynomial is ex- 
pressible rationally and integrally in terms of the elementary symmetric 
functions. Postponing the general proof, we shall now treat several special 
cases and assign others as exercises. 


Exampte 1. If a, 8, y are the roots of x? + px? + qx + r = 0, >So.b 
=(a+6t+yP=2+ 8+ 742 (a8 + ay + By) = 2e?+2 
Yo? = p?—2q, — py = La- Los = Le’B+3afy, LTe’s = 3r— pq, 
Lo’py = pr, Lop = (LaB)? — 2aByLa = Y — 2 pr. 


The student should carry out in detail the steps here indicated. 

Exampie 2. The student should learn how to express a product like De+ Lag 
in Ex. 1 as a sum of 2-functions without writing out their expansions, since the 
latter method is very laborious in general. To obtain the types of L-functions 
in the product, it suffices to use a single term (called leader) of one factor, say a. 
Then if we use any term of Lap hind contains a, we get a term of Ya*8; while 
if we use any term not containing @ (hence fy in this example), we get a term 
aby. It remains to find the coefficients of these »-functions La’8 and agy. To 
get a8, we must take the term a of Ya and the term af of Las, 80 that a?8 has 
the coefficient unity. To get aBy, we may take e@ or 6 or y from La and the com- 
plementary factor By or ay or af, respectively, from Las. Hence 


La+LaB = La’B+ 3 aBy. 

a iS 6 
As a check, we have marked under each ¥ the number* of its terms. Then the 
total number of terms is 3 ¥ 3 =6+3 


* Found by the theory of combinations in Algebra, and not by writing out in full 
the D-functions. 


chen \ js 
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EXAMPLE 3. To find the product of the S-functions 
i Les, 8 = Le’B, 


of a, 6, y, 6, we use the leader a of the first. To obtain the four types of 
Z-functions in the product, we first use a term of s containing both @ and 8; 
second, a term of s containing a? but not 8; third, a term with « but with neither 
o nor 6; fourth, a term free of a and g. The respective types are those in 


LaB-Do28 = 1 Dais? + 2 Daksy + 2 Da’By’? + 3 DaBy’s. 
6 12 12 12 12 4 


The coefficient of any Z-function on the right is obtained by counting the num- 
ber of ways its leader can be expressed as a product of terms of the D-functions 
on the left. 

The coefficient of a6y is 2 since we must take either a8 or By from af (for, 
we must take a or y, since s does not have a term with two exponents equal to 2; 
while if we take ay, the complementary factor a@y is not ins). To obtain aps, 
we must take a term from s with y?and wor Bors. The first and second coefficients 
are evidently correct. 


EXERCISES 


If a, 8, y, 6 are the roots of x4 + px? + qa? + rz +s = 0, find 

1. Yo’p?. [Square Lef.] 

2. DoiB. [Use Lo? + Daf.] 

3. Lat. [Square La’.] 

If a, B, y are the roots of x? + px? + qx + r = 0, find the cubic equation with 
the roots 


Py Pd 
4. a’, Bp, y. 5. aB, ay, By. 6. —-» =» =: 
ES ancy, 
By multiplying 2x; by a suitable -function, express in terms of functions (1) 
ihe, DARREN CE hapa) DE 8. 202 if (n > 2): . Dart, Gt n= 2). 
1Oy Day? Gin > 2): (ile 22 (Cheep 12. Dayxox3. 


13. For equation (2) with n > 4, show that 
LaParaza4 = —Pips t+ 5 ps, LDarar’a3 = 3 pyps — Pops — 5 Ds. 

14. For equation (2) with n > 5, show that 

Lararasa, = Pxyps—A Pips +9 Ps, Dar*ac’as? = ps? — 2 pops + 2 pips — 2 Ye. 


3. Fundamental Theorem on Symmetric Functions. Any polynomial 
symmetric in %, ... , tn equals a polynomial in the elementary symmetric 
functions Ey, ..°. , EH, of the x’s. 

The proof, illustrated in Exs. 1 and 2 of §4, tells us just what elemen- 
tary symmetric functions should be multiplied together in seeking the 
expression for a given symmetric polynomial in terms of the H’s and 
hence perfects the tentative method used in the earlier examples. 
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It suffices to prove the theorem for any homogeneous symmetric poly- 
nomial S, 7.e., one expressible as a sum of terms 


h = aryragks . 2. Onkn 


of constant total degree k = ki + ko +--+ +k, inthe a’s. Evidently 
we may assume that no two terms of S have the same set of exponents 
ki, . . . , kn (since such terms may be combined into a single one). We 
shall say that h is higher than the term baja .. . 2,'n if ky > h, or if 
ky = lL, ky > b, or if ky = hh, ke = bh, ks > 1s, . . - , so that the first one of 
the differences ky — l,, ky — bh, ks — lz, . . . which is not zero is positive. 

If the highest term in another symmetric polynomial S’ is 


bh = a ela... ty, 
and that of S is h, then the highest term in their product SS’ is 
hh’ = aa’ayhtt! . . . abn thn’, 
Indeed, suppose that SS’ has a term, higher than hh’, 
(3) CULE R et ean 5 ege ete 
which is either a product of terms 
b= ba ete C= bee. es ee 


of S and S’ respectively, or is a sum of such products. Since (3) is higher 
than hh’, the first one of the differences 


ely Pe ree Pe yk Ty ia 


which is not zero is positive. But, either all of the differencesl, — ki, ..., 
ln»— kn are zero or the first one which is not zero is negative, since h is 
either identical with ¢ or is higher than ¢. Likewise for the differences 
lh’ — ky, ..., Un’ — ky’. We therefore have a contradiction. 

It follows at once that the highest term in any product of homogeneous 
symmetric polynomials is the product of their highest terms. Now the 


highest terms in H,, He, E3, ..., En, given by (1), are 
Vy U1X2, Vy2Vz, - ws UWH2 » . Uns 
respectively. Hence the highest term in #,%H,% . . . H,% is 


qatar vee HOn podet ... +a, eee CORON 


Saw Dp ae 
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We next prove that, in the above highest term h of S, 
kE=h=k...=k,. 
For, if ki < ke, the symmetric polynomial S would contain the term 
ax berbiagts » . . aykn, 
which is higher than h. If ke < k3, S would contain the term 
ax rota: . tyke, 
higher than h, ete. 
By the above result, the highest term in 


o = aHys-bh ees | | | Hy yhn— lin Fn 


is h. Hence S; = S — o is a homogeneous symmetric polynomial of the 
same total degree k as S and having a highest term h; not as high as h. 
As before, we form a product o; of ,the E’s whose highest term is this hy. 


‘Then S. = S; — a: is a homogeneous symmetric polynomial of total 


degree k and with a highest term fy not as high as h;. We must finally 
reach a difference S; — o; which is identically zero. Indeed, there is 


only a finite number of products of powers of 7, . . . , 2 of total degree k. 
Among these are the parts h’, hy’, ho’, . . . of h, hi, he, . . . with the coeffi- 
cients suppressed. Since each h; is not as high as h;-1, the h’, hi’, he’, . . . are 
all distinct. Hence there is only a finite number of h;. Since S; — o; = 0, 
S=otSi;=otoate=--> =ototot:-> to, 
— Hence S is a polynomial in H£;, Fy, ... , En. 


4. At each step of the preceding process, we subtracted a product of 
the E’s multiplied by the coefficient of the highest term of the earlier 
function. It follows that any symmetric polynomial equals a rational 
integral function, with integral coefficients, of the elementary symmetric func- 
tions and the coefficients of the given polynomial. 

CoroLuary. Any symmetric polynomial with integral coefficients can 
be expressed as a polynomial in the elementary symmetric functions with 
integral coefficients. 

Instances of this important Corollary are furnished by the results in 
all of our earlier examples and in those which follow. 
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Example 1. If S = 2ax'x3 and n > 4, we have 
o-= EXE; = S +3 Davxery + 10 Lx Lolslals, 
8S, = S—¢ = —3 Laevrrsws — 10 Layrorsrats, 
o = —3 BK, = —3 (Sarees + 5 Vaiwarstats), 
Se = Si — 01 = 5 Laworsrars = 5 Es, 
S=etS8:=o0+0+4+ S82 = L2H; — 3 hE, +5 E,. 
EXAMPLE 2. If S = 2a°xox3 andn > 4, 
o = HYH; = Hy (Dares + 4 Driers) 
= Lary rors + 2 Dayx2x3 + 3 Vxy7Xovar4 
+ 4 (ZapProrsrs + 5 Dayrorgvsts), 
8: = 8S —o = —2 Larex3 — 7 Dryxorsr, — 20 Dayrargrats. 


Take o, = —2 H2H3 and proceed as in Ex. 1. 
Remark. The definition of a 2-polynomial in § 1 may be extended to D-func- 
tions in general. For instance if there are three variables a, 8, y, 


ee se! cee a i ts Sal A fy 
> Pes eT nee 


EXERCISES 
If «, 8, y, 6 are the roots of x4 + px? + qa? + rx +s =0, 


lea ainsi aa 


1 
=t 4, Da = Gt 209). 


yey 


Ds >o- dae Y5->4 = di a ee 


6. Find the sums in Exs. 1, 3, 4 from the sum, sum of the products two at a 
time, and sum of the squares of the roots of 


1+ py + gy + ry’ + sy* = 
obtained by replacing x by 1/y in the former quartic equation. 


Derr 
+s B 3r—| 
8 Po : tamer 
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10. Do DE-DE +3 di +2d. ia D5 =F lrs— pet 2 m9). 


12. Prove that the degree in any single x of a homogeneous symmetric poly- 
nomial S is the total degree of the equal polynomial in the Z’s. Hints: First show 
that no term of S has an exponent > i, so that the degree of S in any single x 
is ky. Next, o is of total degree k; in the H’s. Set hi = a’aj*! .. +. Then 
is of total degree ky'(= = ky) in the #’s and not every exponent in o; equals the corre- 
sponding exponent inc. Thus c is not cancelled by «1, o2, . .. 

13. Given a polynomial i in the H’s of total degree d, show eal the equal func- 
tion of the a’s is of degree = d in any single root. 


5. Sums of Like Powers of the Roots. If a,... , a, are the roots of 
(2), we write s; = Lai, s: = La’, and, in general, 


S& = Za* =a* +a*k+--- ta,*. 
The factored form of (2) is 
(4) f(x) = (@ — a) (@ — ae) . 2. (© — an). 


In this identity in z, we may replace z by x +h. Thus 
fath=@t+th—-—ae@th—am)...a@th—a,). 
In the expansion of f(a + h) as a polynomial in h, the coefficient of the 
first power of h is f’(x), by the definition of the first derivative of f(x) in 
Ch. I, § 4. In the right member, the coefficient of h is 
(x — a2)(x@— a3)... (@—an) + -++ +(a- ou) (& — a2)... (&— api). 
Here the first product equals f(x) + (« — a1), by (4), ete. Hence 
ey (x 2 
(5) ie) = FO 4 JO 4. 4 A. 
If a is any root of (2), f(a) = 0 and 
EO Ie) ee eee ie <a map tol 


: ~1 
to LO A A GR {04 


— grt + ar + azar 3 cL Ge aes -- pire “+ ax -[- +) sate: ) 
+ p(x + er y+ o ie 


(6) — = eet pie (er + fia bt pa)" + 
Be ae py fa * = 8 pia pn) + 


Taking a to be a, . . . , a in turn and adding the results, we have by (5) 


f(a) = nar + (81 + npi)ar + (se + pisi + mp2)z" - 
+ (8 + pi8e—1-+ DoSe-2 + + + + De-iSitnpe)ar* t+ ++: 
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By Ch. I., § 4, 

Pajy=anr + n—)pa + (n—2) pe pe 
Since the coefficients of like powers of x are equal, we get 

(7) si + pi = 0, S + pi8i t+2p2=0,..., 

Sz + DiSe—1 + PoSe—2 + > +s + peiSithkp =O (K=1,2,...,n—1): 
We may therefore find in turn s), S%, . . . , Sp—1! 

(8) SH) Vlg S = pr — 2 po, Sh = —pr + 3 pipe — 3 Ds, . 
To find s,, replace x in (2) by a1, . . . , a, In turn and add the resulting 

equations. We get 

(9) Sx + PrSn—1 + P28n-2 + + + + + Pa-i8i + NPn = O. 
We may combine (7) and (9) into a single formula: 

(10). Se piSe—1 + Pose t+ * = * + peas + kp =O (hk =1,2, 2 oe 
To derive a formula which shall enable us to compute the s; for k > n, 


we multiply (2) by z*-”, take x = a, . . . , Y = a, In turn, and add the 
resulting equations. We get 


(11) Sa Pisk—-1 + P2Sk—2 pote PrSk—n = 0 (k = n). 
Relations (10) and (11) are called Newton’s formule. They enable us 
to express any s; as a polynomial in pi, . . . , Dn. 
EXERCISES 


1. Fora cubic equation, s, = pit — 4 py2po + 4 pips + 2 pry”. 

2. Foran equation of degreen 2 4,84 = pit — 4 py*p2 + 4 pips + 2 po? — 4 pg. 

3. If we define Pri, Pnyz, . . . to be zero, relations (10) hold for every k. 
Hence if pi, pz, . . . are arbitrary numbers unlimited in number, and if 0, 62, . . . 
are computed by use of 


on + Pion + eat + prio + kp; (k = Lo, < & ye 


o, becomes s, when we take pay: = 0, Prog = 0,.... See Exs. 1, 2. 
4. For a” — 1 = 0, s; = n or 0 according as k is divisible or not by n, 


6. 2-functions Expressed in Terms of the Functions s,. We have 
SaSp = Lay . Lay? = Dart + m Lar7a2?, 


rae! 


(12) Daya! = wh (SaSp — Sat); 


where m= 1ia¢b, m=2 ia=b. 
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Any =-function with a term involving just three roots may be denoted 
by Laitas?as", Giese OM 1. b> C, 


SaZayPar’ = MZay*axPax? + Loy*Par’ + Last aye, 
for mas above. Sinceea+b>c,a+c>b, 


MDay*az?as’ = Sq (spSc = Soc) — (Sa498e — Satb+c) — Ga - SaAbtc) , 
1 
(13) Daytas’a3? = ra (Sa8oSe — SaStte — SpSate — SSais + 2 Sarsic) (b > €). 


But if b = c, we have 


Saray? 


a? = 7 Laytas’as? + Laytt ase, 
where r=1ifa>b,r=3 if a=b. Hence 
(14) DartasPas? = F(Sa8s” — SaSen — 2 SxSa4s + 2 Sater) (a =D) 
(15) Lay2aoa3? = 4(sa3 — 3 SaS2a + 2 83a). : 
The fact that any 2-polynomial can be expressed as a polynomial in the 


functions s; is readily proved by induction. We have 


barge Ch. Outs Oya? a ty Daystar? he O) ag ay? 


Ae te Oras. wee ane 


where ¢ is a positive integer, and t,. . . , t, are integers = 0 (for example, 
t, = 0 if g = b, since the terms which it multiplies are included in the sum 
multiplied by t,). Hence if every Zax" . . . a,4 is expressible as a poly- 
nomial in the functions s;,, the same is true of every Daytay? . . . an. But 
the theorem is true for r = 1 (by the definition of s;,). Hence it is true by 
induction for every r. 


Sgbapase .. . a = tLay*a2 


EXERCISES 


1. Take a = b in (13) and then replace c by a. Hence (14) holds also when 
a<b. Derive this result just as we did (14). 

2. Express © a1a2’a;°a47 in terms of the s;, treating all cases. Why are these 
formule unnecessary if the equation is of degree four? 

3. For a quartic equation express the functions 


Dayar’, Dariaz, LDayara3, Dayar’ag 
in terms of the s, and ultimately in terms of the pi, . . . , pa. 
7. Since any s; equals a polynomial in pi, ... , p»($5), the theorem 


of §6 shows that any ~-polynomial (and hence any rational integral 
symmetric function) of the roots of an equation equals a polynomial in 
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the coefficients pi, . .°. , Pn of the equation. Since we may form an equa- 
tion with arbitrarily assigned roots, we have a new proof of the funda- 
mental theorem on symmetric functions (§ 3). 

The method of §§ 5, 6 to express a 2-polynomial in terms of the coeffi- 
cients is advantageous when a term of 2 involves only a few distinct 
roots, but with high exponents, while the method of §§ 2, 3 is preferable 
when a term of = involves a large number of roots with low exponents. 


8. Waring’s Formula * for s, in Terms of the Coefficients. We shall 
first derive this formula by a very brief argument employing infinite 
series in a complex variable, and later give a longer but more elementary 
proof. 


In (2) and (4) replace x by 1/y and multiply each by y”. Thus 
(16) 1 + pry + poy? + ++ + pay = (1 — avy)(1 — ony) . . - 1—any)s 


Take the natural logarithm of each member, noting that the logarithm 
of a product equals the sum of the logarithms of the factors, and that 


log (fl — 2)=—2—-72—Fe@— -- + —-4—+-+-=—)} -#, 


if the absolute value of zis << 1. Hence 


< ei 90) ieee — 1 r r)ar 
ey) = (Puy) chatit2 PF Dah) ie Cert tt eee 


r=1 
uk 
= — 2 gout 
k=1 
if y is sufficiently small in absolute value to ensure the convergence of 
each of the series used. The coefficient of y* in (py + - ++ + pay”)? 


may be found by the multinomial theorem. Hence, after dividing r = ry + 
- +r, into the multinomial coefficient, we get 


sa] fue SP th Pegs et eee BY: 
(17) e=> Tt k ui + Tn 1)! 


x NE cc r. 
Tipote eee ye Pul Pn) 


* Edward Waring, Misc. Analyt., 1762; Meditationes Algebraic, 1770, p. 225, 3d ed., 
1782, pp. 1-4. No hint is given as to how Waring found (17); his proof was in effect 
by mathematical induction, being a verification that s;, spa, . . . , 8: satisfy Newton’s 
formule. 

But (17) had been given earlier by Albert Girard, Invention nouvelle en Valgebre * 
Amsterdam, 1629. 
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. where the sum extends over all sets of integers 71, . . . , 7a, each = 0, for 
which 


(18) mM+2r+3rst+ +--+ +a, =k. 


Here r! denotes 1-2-3... rif r = 1, and unity if r = 0. 


9. Elementary Proof of Waring’s Formula. Divide each member of 
(16) into the negative of its derivative; we get 


eats > —helehe == 9p: n—1 
1 Pi poy Pr¥ = a1 oe ee On. 
Me fry = eg) oT Sag 
In the identity 
(20) 4 Oe ya 
LQ ae) 


set Q =a,y and multiply the resulting terms by a,. Hence the second 
member of (19) equals 

ke 

a1 Bn! de Z k—1 y o(y) 5 
(21) Si + Sy + + sey TN ie See SS 


the polynomial ¢(y) being introduced in bringing the fractional terms 
att/(1 — ony), 
etc., to the common denominator (16). 


In (20), we now setQ = —piy — --+- — pry”. Thus 


1 k-1 
5 i py ae a —)r TPs, 'e wy")t 
1tpyt---+pay" 2 ( Mp = + pay”)? + 


Tr 


yp (y) 
1+ py+--: 


-where ¥(y) is a polynomial. Expanding this rth power by the multino- 
mial theorem, we see that the left member of (19) equals 


oy (1) Tie ety +1 (r1 : - ie | pitts ss Datny t2rt see b ary tH 

(d=pit2 poyt:--); 
the sum extending over all integral values 20 of 7, ™, ...~ , T Such 
that 7; +--+ +r, <k, while # is a fraction whose denominator is 
1+ py +--+ and whose numerator is the product of y* by a polynomial 
in y. In the expansion of the part preceding E, the terms with the factor y* 
may be combined with H after they are reduced to the same denominator 
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as HE. The resulting expression* is now of the same general form as (21), 
so that the coefficient of y*—! must equal s;. This coefficient is the sum of 


Te + Sine +r,)! Tr: 
Y(-ypt es tata! 7A any pitt "pf... Dr 


(Mi t+2re+ +--+ +nr, =k—1), 


eKits (ise se Era)! 
Ya ean cee apie i ee Sire. Tal ) prpe2t 1 soe 6 Prim 


(i+ 2r.+ --- +nr, =k —2), 
o gor ! 
Barts tt AT BOLE es 2 2 + Dn® 


Tile oi 


(1 +2r+ +--+ +nr, =k — 93), 


In the first sum employ the summation index 7; + 1 instead of 7; in 
the second sum, 72 + 1 instead of 72; etc. We get 


(i+ i Sa +r, — 1)! 
_— ae OO ate at Tn 
Dyce!) "@, = Dinko aor oe ee 


fen Seah 
2>(Hiat s+ ted ie a pi <ooe Dn, 


tis — Ul soe 


mts-:+-+r,—1)! 
2 = ream (1 : ji! . . . Dai 


r!re! (73 — 1)! ean et 


where now (18) holds for each sum. Adding these sums, we evidently 
get the second member of (17). 
Examete 1. Letn = 3,h = 4. Then +2m+ 373 = 4 and 
(ry, "2, 13) = (4, 0, 0), (2, 1, 0), ‘ae 0, 1), (0, 2, 0), 


Si ee be 1! i. 
Sy = 4 4 [Ole — oI Prpe + U1! Pips + 31 p2) 


= prt — 4 pipe + 4 pips + 2 pe’. 


* The difference between it and (21) is an expression of the form (21). Suppose there- 
fore that an expression (21) is identically zero. Taking y = 0, we get s, = 0. The 
quotient by y is identically zero. Then s: = 0, ete. 
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EXAMPLE 2. Let n = 2 and write p for —p,, q for po, rforr. Thenr, = k — 2r. 
If « is the largest integer = k/2, the sum of the kth powers of the roots of 
v’—pr+q=O0is 


tee + — 1)! 


k—2rpr 
Se Air : 
k (k —3) k(e— cal 5) 
= = y* — knk—2 aig ey i ——____*_* nk 698 Reich oS 


4 10.7 Certain Equations Solvable by Radicals. Regarding p as a vari- 
able and q as a constant, denote the polynomial in the preceding Ex. 2 
by F(p). The equation F(p) = c, where c is an arbitrary constant, can be 
solved by radicals. Indeed, if x is a particular root of 2? — px + q = 0, the 


second root is g/x, and 
k 
Sk <4 ak a (4) . 
£ 


This expression in z is therefore the result of replacing p by x + q/x in 
F(p), as shown by the quadratic equation. Hence F(p) = c then becomes 


k 
ot +(2) Or te — CLT oh a= 0) 


Solving this as a quadratic equation for 2*, we get 


Since the product of these two expressions is g*, definite values 


rVaN Ean iNew 


can be chosen so that ps = q. Hence if « be a primitive kth root of unity, 
the 2k values of x can be separated into pairs pe”, ce*™(m=0, 1,..., 
k — 1), such that the product of the two in apair is pa = q. Now x+q/x 
is a value of p. Hence the k roots p of F(p) = c are 


pe™ + aeh—™ (Hie O SN aeen yh le 
Thus F(p) = c can be solved by making the substitution 
= g: 
Bea ae 


For k = 3, the equation is p? — 3 gp = c and the present method be- 
comes that in Ch. III for solving a reduced cubic equation. 
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EXERCISES 
1.| Solve DeMoivre’s quintic p® — 5 gp? + 5 @p = ¢ for p. 
2.t Solve pt — 4 qp? + 2 @ = c for p by this method. 


3.¢ Write down a solvable equation of degree 7. Solve it. 
4. Solve y> + 10y3 + 20y +31 = 0. 


11. Polynomials Symmetric in all but One of the Roots. Jf Pisa 
polynomial in the roots of an equation f(x) = 0 of degree n and if P is sym- 
metric in n — 1 of the roots, then P equals a polynomial in the remaining root 
and the coefficients of P and f(x). 


For example, P = 3 a + a? + a3?+ +++ + a,? is such a polynomial and 
IP = Dar+3ai— a= pr —2p2+3 aq ei ay’. 


If w is the remaining root, P is symmetric in all of the roots of the equa- 
tion (6) of degree n — 1, whose coefficients are polynomials in a, pi, . . 
Dn. Hence ($3) P Stale a polynomial in a, pi, . . . , Pn and the soe 
cients of P. 


Exampie 1. If a, 6, y are the roots of f(z) = 23+ prrxtqutr= 0, find 


ee la ws Ue ee 
Gh BY Oca A +a ae ae 


Since 6? -+ y = p?-—2q—o, Bt+y=—p—a, 


o? + B? 2 2q— a? 2 1 
ee eo 


Buta + p,8 +p, v7 + pare the roots y1, Ya, ys of the cubie equation obtained from 
f(x) = Oby setting x + p = y, .e., x = y —p. The resulting equation is 


y — 2 py’ + (p* + ay +7 — pg = 0. 


Since we desire the sum of the reciprocals of 41, y2, ys, we set y = 1/z and find the 
sum of the roots 2, 22, 23 of 


1—2pe+ (p+ q)2? + (r — pga = 
Hence 


Ac 24. g2 292 —Qy% 14 pr 
certs >," yA = = beers =-1 ee m. 


&. Be} 
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EXAMPLE 2. If x, ... , Xn are the roots of f(x) = 0, find 


1 
>Speaap 


First, a +c=y, ..., t1 +c = yn are the roots of 


fe y= fort yy... =0. 
Next, 1/4: = #1, .. . , 1/Yn = 2n are the roots of 
z(— 0) + 2-"(— 0) $2) +... =0, 


obtained by setting y = 1/z in the preceding equation. Hence 
Lies ered tex) 
sees PS es 


EXERCISES 
[In Exs. 1-14, a, 8, y are the roots of f(x) = + pxr+tqr+r=0] 


1. Find > ; : 
a 


Using By + a(B a 7) = q, find 


by means of the last formula. 


By ie SOY es 2 ce 
2. : 3. 
y ban DY ae ess (pen ie en 
4. Why would the use of gy = —r/a complicate Exs. 2, 3? Verify 
a3 aes 
ee P= a + pat | 
a a 
y 2 
5. Why would you use By = —r/a in finding >? ia 
By 


6. Show that the last sum equals 2(7/8). 
, 4 Lae Carey 
7. Find (@+y7). 8 Find > (@+e—v) 9. Find >! (f= : 


10. Find a necessary and sufficient condition on the coefficients that the roots, 


; Q : 1 — 
in some order, shall be in harmonic progression. If — + 7 = - then Be p=0, 
a 


and conversely. But 


(C2) (BYE -Ye-9) 


; : é : il 1 1 : 
11. Find the cubic equation with the roots By —-, ay — a ap ——. Hint: 
a Y 


since these are (—r — 1)/a, etc., make the substitution (—r — 1)/x = y. 
Find the substitution which replaces the given cubic equation by one with the 
roots 
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12a Oy, a8 BY A ay oe PY 
NG}, — ete. 14. pee, etc. 
If a, ihe fas a roots of «* + px + qu? eee Pee find 
a meee Tissot 


17. If m1, ye, ys are the roots of y? + py + g = 0, the equation with the roots 
= (y2— ys), 2 = (Yi —Ys)?, % = (Yi — y2)? Is 
2+ 6 pe? + 9p'2 +4734 27¢ = 0. 
Hints: since 4 = Zy? —2 yy3 — y2 = —2p+2q/y — y2, ete., we set z= 
—2p+2q/y—y*. By the given equation, yy>+p+q/y=0. Thus the 
desired substitution isz = —p+ 3q/y, y=3q/(e+ >). 
18. Hence find the discriminant of the reduced cubic equation. 


12.; Cauchy’s Method for Symmetric Functions. If m,... , 2, are 
the roots of (2), any polynomial P in 1, . .. , 2, can be expressed as a 
polynomial in 2%, . . . , Xn, Pi, - - - » Pn, in every term of which the expo- 
nent of 22 is less than 2, the exponent of «3 less than 3, .. . , the exponent 
of 2, less than n. To this end, we first eliminate 2; by using 2x; = —p. 
Then we eliminate 2"(k = 2) by using the quadratic equation satisfied by 
az, and having as coefficients polynomials in 23, ..., G,. This quad- 
ratic may be obtained by dividing f(x) by (@ — a3) . . . (te — 2a), or by 
noting that 

Ci ty Dy ig 


Lite = Po — (%1 + te) (Xp + + + + + na) — ete — + + > — Span. 
Next, we eliminate 2;"(k = 3) by using the cubic equation obtained by 
dividing f(a) by (a — x4)... (@ — 2). Finally, we eliminate x,*(k = n) 
by using f(a,) = 0. 

Exameie. To compute by this method the discriminant 
A = (a1 — X2)"(@, — @3)?(a@e — v3)" 


of f(z) = z+ px + q = 0, we note that x and 2x2 are the roots of 


f() = Q(t) =2?+ 243+ 22 + p = 0. 


= 05 


Since 27, = 0, 
(a — &2)? = (—2 a2 — a3)? = 4Q(e2) — 3a" —4 p= —322—4p, 
(x3 — 2%) (ag — X2) = Q(a3) = 3.232 + p, 
A = (—3 23? — 4 :p)(3 v3? + p)? = —27 (a5 + pas)? — 4p, 
A= —-27¢—4p'. 


a 
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We can now easily prove the fundamental theorem of § 3: if P is sym- 
metric in %,..., %n, it equals a polynomial in p,..., Dn For, 
P =A + Ba, where neither A nor B involves 2 or 2. Since P is unal- 
tered when 2x; and 2 are interchanged, 

A+ Ba, = A+ Bx. 
If x, ¥ x2, then B = 0; and, by continuity, B = 0 even when 2,= 2. Hence 
P =C + Das + Exx?, 


where C, D, E do rot involve x, 22 or x3. Since P is unaltered when 23 
and 2, are interchanged, or when 2; and 2 are interchanged, the equation 


0=C—P+Dy+kyY 


has the three roots 2, 2%, x3. Hence if 2, 22, 23 are distinct, D = EH = 0, 
P =(C, and by continuity these relations hold also if two or all three of 
these x’s are equal, so that P is free of 2, %2, 23. Similarly, P can be re- 
duced to a form which is free of each 2;. 


13.; Tschirnhausen Transformation. Wecan eliminate x between (2) 
and 


(22) X = Uo + wae + wea? + os $Uy ae 
and obtain an equation in X of degree n. First, from the expressions for 
X?, X*, ... . , we eliminate x", 2", . . . by use of (2) and get 


XX? = Ving + Uart + Ut? + > > > feet), 


(23) nth she, ee eas ee ee er 
XK” = Ung Und + Unt - 2+) + Ua nt, 
where the w;; are polynomials in wm, . . . , Un—1 and the coefficients of (2). 
In any one of these equations (23) we set c= ™,..., © = 2%, In turn 
and add the resulting relations. If Xi1,..., X, are the values of X for 
Ci Ti a sy © = Ln, BED 
ss, = Pape Si, = DX)". 
Then 
Sy = NU + U181 + Use + ++: > Un—18n—1) 
So = NU + Uai81 + Un282 fen 8 8 ote Uy Sed) 
(24) Re es, 
| Sa = NUno ae Un181 a Un282 at de =i Un n—18n—1- 
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Since the elementary symmetric functions of X1, ... , X, are expres- 
sible in terms of S;, So, . . . , S, (§ 6), we can find the coefficients of the 
equation having the roots X1,..., Xn: 

(25) A PX Se Pex oe oe a 
Another method of forming this equation is given in Ch. XII, § 9. 

If we seek values of t%, wu, .. . , Un—1, Such that Pi, Po, . . . , Py shall 
all vanish and therefore S; = S, = - +--+ = S; = 0, by Newton’s identities 
(7), we have only to satisfy a system of k equations [see (24)] homogeneous 
in UW, .-. , Un-1 and of degrees 1,2, ... , k, respectively. In partic- 
ular, S, = 0 enables us to express uw in terms of %, .. . , so that 


6) X=m(2—2)+u(ot—2) 4 --- +uea(et— 2). 


nr 


ExaMpPue. For n = 8, X = w(x — 451) + u(x? — 382), 
Se = DX? = w?(s2 — 3.812) + 2 ure(s3 — 4 8182) + we22(sy — 3 822). 


Thus S; = 0 gives 
(3 se — 812) uy =(si82 — 3.53 + V —3 A), 


A = 808284 + 2 818283 — S083” — si2sy — S28. 
Hence the cubic equation is reduced to X? + P; = 0 by the substitution 
X = (sys — 353+ V—3A)82 — 8) + (3 s2 — s)(3 2? — 82). 
By Ex. 6, p. 158, A is the discriminant of the cubic equation. 


EXERCISES 


1. For n = 4, take us = 0 in (26) and find the cubic equation for u;/w2. which 
results from P; = 0 (v.e., S3 = 0, since 8S; = 0). The new quartic equation 
X* + P,X* + Py = 0 may be solved in terms of square roots. 

2.t For n = 5, the condition for S, = 0 is that a certain quadratic form q in 


UW, ... , Us Shall vanish. Now q can be expressed as a sum of the squares of 
four linear functions L; of wm, ..., uw. Taking ZL; = tLe, Ls = ily, where 
i? =— 1, we have S: = 0. By means of the resulting two linear relations between 
UW, ... 4 Us, We may express Ss; as a cubic function of w, we, for example. We 


must therefore solve a cubic equation in w/t: to find the w’s making also S; = 0. 
The new quintic equation is X°+PyX +P5;=0. If Ps #0, set X=y VP. 
Then yo +y+ec=0. (Bring, 1786; Jerrard, 1834.) 


CHAPTER VIII 


REcIPROCAL EQUATIONS. CONSTRUCTION OF REGULAR POLYGONS. 
TRISECTION OF AN ANGLE 


1. For certain types of equations, such as reciprocal and binomial 
equations, there exist simple relations between the roots, and these relations 
materially simplify the discussion of the equations. 

An equation is called a reciprocal equation if the reciprocal of each root 
is also a root. Apart from possible roots 1 and —1, each of which is its 
own reciprocal, the roots are in pairs reciprocals of each other. 


For example, the equation 
f@) = @—1)@—42+1)=0 


is a reciprocal equation having the roots 1, 2, 3. If we replace x by 1/z and multi- 
ply the resulting function by x’, we get —f(x). Here (1) holds for n = 3 and for 
the minus sign. 


In general, if 
f(x) =z" +---+c=0 


is a reciprocal equation, no root is zero, so thatc # 0. Ifr is any root of 
f(z) = 0, 1/r is a root of f(1/x) = 0, and hence of 


oy (2)=1+ oo + = cy” = 0), 


Since the former is a reciprocal equation, it has the root 1/r. Hence 
any root of the former equation is a root of the new equation. Thus, by 
(1) and (2) of Ch. VI, the left member of the latter is the product of f(x) 
by c. Then, by the constant terms, 1 = c?. Hence c = +1 and 


1 
(1) vy (7) = +10). 
Thus if p,; x~‘ is a term of f(x), also + p;z*is aterm. Hence 
(2) f@) =x2?-4+1t+pilet4+2e) + p(orrta)+-:-. 
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If n is odd, n = 2t + 1, the final term is 
Pt em i x), 
and x + 1 is a factor of f(x). In view of (1), the quotient 


Qa) = 10 


has the property that 
1 
ei) (=) = Q(z). 


Hence Q(x) = 0 is a reciprocal equation of the type 
(8) ott 1+ ¢,(a2*1 + 2) + oo(a?*? + 27) + +--+ +e =0. 


Indeed, the highest power x? of x has the coefficient unity and the con- 
stant term is unity, so that it is of the form (2) with the upper signs. 

If n is even, n = 2t, and if the upper sign holds in (1), we have just seen 
that (2) is of the form (3). Next, let the lower sign hold in (1). Then 
p: = 0, since a term p;z' would imply a term —p,v‘. The final term in 
(2) is therefore | 

je age od Cre) s 
Hence f(x) has the factor x? — 1. As before, the quotient is of the form (3). 

In each case we have been led to a reciprocal equation of type (3). 
The solution of the latter may be reduced to the solution of an equation of 
degree t and certain quadratic equations. To prove this, divide the terms 
of (3) by z'. Then 


if x 1 =. 1 
(4) (2 am =) + C1 (2 a =) + Ce (2 Bohs x as] 
‘ 1 
Sin ane +era(e++)-+e=0. 
To reduce this to an equation of degree t, we set 


(5) e+ = =z, 
Then 


while the general binomial in (4) can be computed from 


(6) xt + 4 = a(n oo a) ~ Ga + =) 
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For example, 


oth =ee—32)-@-2)- 4-40 42, 


However, we can obtain an explicit expression for 2* + 1/x* by noting 
that it is the sum of the kth powers of the roots 2, 1/zx of 


1 1 
2 eae Se = 
y (2+ s)y te vera zy+1=0. 


The sum of the kth powers of the roots of y2 — py + q = 0 was found 
in Ex. 2, p. 75. Taking p = z, g = 1, we have 


(7) +s ca gh — kee 4 HE =" gk—-4 k(k — 5) gk-6 4 ec! . 
Pee eee Cot) ian De 2) OR LYS Fp 


BSS PAC een Bean 


Hence (4) becomes an equation of degree t in z. From each root z we 
obtain two roots x of (3), which are reciprocals of each other, by solving 
the quadratic equation 2? — zx + 1 = 0, equivalent to (5). 


Exampie. Solver'— 521+ 92 —92?+5x—1=0. Dividing by z—1, 
we get c#— 423+ 52?-—42+1=0. Thus 


#+5—4(c+2)4+5=0, 2—42+38=0, z=1ors. 


Forz=10 2#—2¢-+1=0, a=i(14V—3). For z=3, v7 —38z¢+1=0, 
z=31(3 +V5). These with x = 1 give the five roots. 


EXERCISES 
Solve by radicals the reciprocal equations 
1. o —7et+e-—24+7¢-—-1=0. Ph, TaN 
Soe 4, e¢°+1=0, 


5. Find the z-cubic for x’ = 1. 

6. Find the z-quintic for 7 = 1. 

7. The z-quartic for 7° = lise#+2—32—2z2+1=0. It has the root —1 
since the z-equation for 7? = 1 isz+1=0. Verify that, on removing the factor 
z+ 1 from the quartic, we get the z-cubic 2 — 3 z+ 1=0 for (w®—1)/(#— 1) = 0. 

8. What are the trigonometric representations of the roots of the z-equations in 
Exs. 5 and 6? Hint: if = cos¢+7sin 0, 1/x = cos 6 — 7 sin 8. 
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2. Binomial Reciprocal Equations. A reciprocal equation with only 
two terms is of the form 2" + 1=0. Its roots were expressed in terms 
of trigonometric functions in Ch. II. But now we wish to use only alge- 
braic methods.* We might proceed as in § 1, first ** removing the factor 
x -+ 1 (if n is odd) or x? — 1 (if n is even and the lower sign holds), and 
then applying substitution (5) to obtain the z-equation. Except for special 
values of n (as those in Exs. 2-6, § 1), there is a more effective method, 
leading to auxiliary equations of lower degree than the z-equation. For in- 
stance, it will be shown that x2” —1 = 0 can be solved in terms of square 
roots; it is only a waste of effort to form the z-equation of degree 8. 


3. The new method will first be illustrated for 27 — 1 = 0 since it then 
differs only in form from the earlier method of treating reciprocal equations. 
Removing the factor z — 1, we have 


(8) MO+taeteatetewtet+1=0. 

If r is a particular root of (8), its six roots are (Ch. II, §13), 
(9) TES ia i, PL me 

By the substitution (5), we obtain the cubie equation 

(10) 2+2—-2z2—-1=0, 


whose roots are therefore 
(11) aarto =p+rs, mart = 2 + 75, a=ntsartrt 


The new method consists in starting with these sums of pairs of the 
six roots and forming the cubic equation having these sums as its roots. 
Since r is a root of (8), 


LaHertr+.-- +re= -1, Dae =2(r+--- +r) = -2, 
Zieotg =2trt+.--+rt=], 


Hence 2, 2, 2; are the roots of (10). If a root 2, be found, we can obtain 
r from the quadratic equation r? — zr + 1 = 0. 


* It is an important fact, not proved or used here, that 2” + 1 = 0 is solvable by 
radicals, namely, by a finite number of applications of the operation extraction of a 
single root of a known number. Cf. Dickson, Introduction to the Theory of Algebraic 
Equations, John Wiley & Sons, pp. 77, 78. Note that it suffices to treat the case n 
prime, since «??= A is equivalent to the chain of equations y% = A, x? = y. 

** Tf n = pq, we may remove the factors x? + 1 if pis odd. See Ex. 7, §1. 


Cite 
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We can, however, find r by solving first a quadratic equation and after- 
wards a cubic equation. To this end, set 


(12) ld i on oa Via at re. 
Then 

i ye = —I, Yipee 3 Te a 7 te 2, 
so that y, and ye are the roots of | 

; y+ y + 2—0. 


Then r, 7?, r* are seen to be the roots of 
p> — yp? + yop —1=0. 


4.; The Periods. We now explain the principle discovered by Gauss 
by which we select the pairs from (9) to form the periods 2, 2, 23 in (11), 
and the triples to form the periods yi, y2 in (12). To this end we seek an 
integer g such that the six roots (9) can be arranged in the order 


(13) r, rs, re, re, re, rer, 


each term being the gth power of its predecessor. The choice g = 2 is 
not permissible, since the fourth term would then be r?>= r. But we may 
take g = 3, and the desired order is 


(14) r, T re ee rs is 
each term being the cube of its predecessor. To form the two periods 
yi and ye, each of three terms, we take alternate terms of (14). To form 


the three periods 2, 2, 23, each of two terms, we take any one of the first 
three terms (as 7’) and the third term after it (then r‘). 


5.+ Solution of «17 = 1 by Square Roots. Let r be a root #1. 
Then 


ieee 
arte tr +1 =O. 
As in § 4, we may take g = 3 and arrange the roots, r, . . ., 7° so that 


each is the cube of its predecessor: 
., i, vie oe a Bs lee yt me. Fret ‘ia ae rs (es rhe r®, 
Taking alternate terms, we form the 2 periods each of 8 terms: 
Yi =p tot ld 4 pid 4 pl6 4 8 4 pt 4 7? 
Y2 = 3 ft pl0 tp pd 4 ll + pld 4 pT 4 pl? 4 8, 
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Hence yity.= —l. We find that yw2=4(r+ --- +r) = —4., 


(15) “41, Yo satisfy yyt+ty—4=0. 
Taking alternate terms in y;, we form the two periods 
get Pe Ae ee 
Taking alternate terms in y2, we form the two periods 
wart t er? w= rp rt trl tr, 


Thus 4+ @ = Y1, Witw. = ye. We find that az = ww, = —1. 


Hence 
(16) 21, 2% satisfy 2—yze—1=0, 
(17) Wi, UW. satisfy w? —yw—-1=0. 


Taking alternate terms in 21, we have the periods 
wyertr® y= 7r8 + rt, 
Now, 01 + v2 = 21, Viz = w;. Hence 
(18) V1, Ve satisfy vo? — zv+w,=0, 
(19) r,r® satisfy p?—vp+1=0. 


Hence we can find r by solving a series of quadratic equations. 


[Cz. VIII 


Thus 


Which 


of the sixteen values of r we shall thus obtain depends upon which root 
of (15) is called y; and which ys, and similarly in (16)—(19). We shall now 
show what choice is to be made in each such case in order that we shall 


finally get the value of the eee root 


20 
p= cos oes ? sin —- 


La 
Then 
1 20 ae aie 1 Q7 
—_— = ne ee) f —- a — Be hg - = YP 5S —) 
7 cos 17 vsin i7” y=Hrt fl cos i7 
81 Om a Sir 
24 = Ss — Ms} —}) a — “4 —_—_ = 2 »OSsS —e 
7 COS Fo +2sin 17 v2 = m+ = COS Fa 
Hence v; > v, > 0, and therefore 2; > 0. Similarly, 
67 107 6r iw 
3 5 ex cos — 9 4 — 9 a pene, 
=+5 t+ 2 008 Fa + cos 7 COS 77 208 77 


127 


ye = eos T+ 2cos . =e D os = ano eneeee 
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. since only the first cosine in y2 is positive and it is numerically less than 
the third. But yyw. = —4. Hence y; > 0. Thus (15)-(17) give 


y. = 3(V17 —- 1), yo=4(—-Vvi17—-1), 
42=3y+V1+7yr, W=Fy2tV1+iy?. 


We now have the coefficients of (18) and know that v; > ve > 0. These 
results are sufficient for the next problem. Of course, we could go on 
and obtain the explicit expression for v; and that for r in terms of square 
roots. 


6.7 Construction of a Regular Polygon of 17 Sides. In a circle of 
radius unity, construct two perpendicular diameters AB, CD, and draw 


tangents at A, D, which intersect at S (Fig. 20). Find the point # in 
AS for which AE = 4 AS, by means of two bisections. Then 


AE=1, OB =1 v7. 
Let the circle with center E and radius OF cut AS at F and F’. Then 
AF = EF —EA=OE-4= 34 
AF’ = EF’ + EA = OE +4 = -3%, 
OF = VOA?+AP = V1i+iyt, OF =Vi+iye. 

Let the circle with center F and radius FO cut AS at H, outside of F’F; 
that with center F’ and radius F’O cut AS at H’ between F’ and F. Then 
AH =AF+FH = AF+0F =4y+V1+ ty? =%, 

AH’ = F'H’ — F’A = OF’ — AF’ =. 
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It remains to construct the roots of equation (18). This will be done 
as in Ch. I, §16. Draw HTQ parallel to AO and intersecting OC pro- 
duced at T. Make TQ = AH’. Draw a circle having as diameter the 
line BQ joining B = (0, 1) with Q = (a, wi). The abscissas ON and OM 
of the intersections of this circle with the z-axis OT are the roots of (18). 
Hence the larger root v; is OM = 2 cos 27/17. 

_ Let the perpendicular bisector LP of OM cut the initial circle of unit 
radius at P. Then 
20 2a 
cos LOP = OL = cos sz? LOP= 7 
Hence the chord CP is a side of the inscribed regular polygon of 17 sides, 
constructed with ruler and compasses. 


XR EXERCISES 


1. For n = 5, g = 2, the periods are r + r+, r? ++ 73. -Show that they are the 
roots of the z-quadratic obtained in Ex. 2, p. 83. 
2.} For n = 18, find the least g, form the three 
periods each of four terms, and find the cubic having 
them as roots. 
3. For n= 5, Ex. 1 gives r+ r* = 2 cos2 24/5 = 
n 5 A 4 (V5 —1). Ina circle of radius unity and center O 
draw two perpendicular diameters AOA’, BOB’. 
With the middle point M of OA’ as center and radius 
MB draw a circle cutting OA at C (Fig. 21). Show 
that OC and BC are the sides si and s; of the 
B! inscribed regular decagon and pentagon respectively. 
Fig. 21 Hints: 


MB=i3V5, 0C=3(V5-1), BC=Vi+0C@ =3V10—2V5, 


« 


= Q7 
Sio = 2 sin 18° = 2 cos— = OC, 
5 
| 2 
$= (2)8i0'30,)? — 2(1 — cos") =} (10 —2 V5), cS = BC, 
dD 


7.{ Regular Polygon of n Sides. If n be a prime such that n — 1 is 
a power 2" of 2 (as is the case when n = 3, 5, 17), the n — 1 imaginary nth 
roots of unity can be separated into 2 sets each of 2’! roots, each of these 
sets subdivided into 2 sets each of 2’ roots, etc., until we reach the 
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sets r, 1/r and 7’, 1/r?, etc., and in fact * in such a manner that we have a 
series of quadratic equations, the coefficients of any one of which depend 
only upon the roots of quadratic equations preceding it in the series. 
Note that this was the case for n = 17 (§ 5) and for n = 5. It is in this 
manner that it can be proved that the roots of 2” = 1 can be found in 
terms of square roots, so that a regular polygon of n sides can be inscribed 
by ruler and compasses, provided n be a prime of the form 2” + 1. 

If n be a product of distinct primes of this form, or 2* times such a prod- 
uct (for example, n = 15, 30 or 6), or if n = 2” (m > 1), it follows readily 
that we can inscribe by ruler and compasses a regular polygon of n sides. 
But this is impossible for other values of n. This impossibility will be 
proved for n = 7 and n = 9, the method of proof being applicable to the 
general case. 


8. Regular Polygons of 7 and 9 Sides; Trisection of an Angle. For 
brevity we shall occasionally use the term ‘ construct” for “‘ construct 
by ruler and compasses.” If it were possible to construct a regular poly- 
gon of 7 sides and hence angle 27/7, we could construct a line of length 
2 cos 27/7, the base of a right-angled triangle whose hypotenuse is of 
length 2 and one of whose acute angles is 27/7. Set 


— cos + isin. 


Then 


1 2a ee ai ies 27. 
= = COS-7- = USI r+o = 2cos7 


Hence 2 cos 27/7 is a root of the cubic equation (10). This equation has 
no rational root. For, if it had a rational root, it would have (Ch. VI, 
§8, §5) an integral root which is a divisor of the constant term —1, 
whereas neither + 1 nor —1 isa root. Hence we shall know that it is im- 
possible to construct a regular polygon of 7 sides by ruler and compasses 
as soon as we have proved (§ 10) the next theorem. 


* See the author’s article “Constructions with ruler and compasses; regular poly- 
gons,” in Monographs on Topics’ of Modern Mathematics, edited by J. W. A. Young, 
Longmans, Green and Co., New York, 1911, p. 374. In addition to the references there 
given (p. 386), mention should be made of the book by Klein, Hlementarmathematik vom 
Héheren Standpunkte aus, Leipzig, 1908, vol. 1, p. 125; and ed. 2, 1911. 
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Theorem. It is not possible to construct by ruler and compasses a line 
whose length is a root of a cubic equation with rational coefficients but having 
no rational root. 


This theorem shows also that it is not possible to construct a regular 
polygon of 9 sides and hence that it is not possible to construct the angle 
40° by ruler and compasses. Indeed, if r = cos 40°+7 sin 40°, then 
r+ 1/r = 2cos 40° is a root (Ex. 7, p. 83) of 


2—-32+1=0. 
The same equation follows also from the identity 


cos3 A = 4cos' A — 3cosA 


1 


by taking A = 40°, replacing cos 120° by its value —4, and setting 
z = 2cos40°. Since neither divisor 1 nor —1 of the constant term is a 
root of the z-cubic, there is no rational root. 
CorouuaRy. It is not possible to trisect every angle by ruler and compasses. 
Indeed, angle 40° cannot be constructed, while angle 120° can be. 


9. Duplication of a Cube. Another famous problem of antiquity was 
the construction of a cube whose volume shall be double that of a given 
cube. Take the edge of the given cube as the unit of length and denote 
by a the length of an edge of the required cube. Then x* — 2 = 0. 
Since no one of the divisors of 2 is aroot of this cubic equation, the theorem 
stated in §8 implies the impossibility of the duplication of a cube by 
ruler and compasses. 


10.; Cubic Equations with a Constructible Root. It remains to prove 
the theorem in § 8 from which we have drawn such important conclusions. 
Suppose that 


(20) e+ ar+ pr+y=0 (a, 8, y rational) 


is a cubic equation having a root x, such that a line of length x, or — 2; 
can be constructed by ruler and compasses. We shall prove that one of 
the roots of (20) is rational. 

The construction is in effect the determination of various points as the 
intersections of auxiliary straight lines and circles. Choose rectangular 
axes of codrdinates. The codrdinates of the intersection of two straight 
lines are rational functions of the coefficients of the equations of the two 
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lines. To obtain the coérdinates of the intersection of the straight line 
y = mx + b with the circle 


=p + Y= ore 


we eliminate y and obtain a quadratic equation for x. Thus x, and hence 
also y, involves no irrationality (besides irrationalities in m, b, p, q, 7) other 
than a square root. Finally, the intersections of two circles are given 
by the intersections of one of them with their common chord, so that this: 
case reduces to the preceding. Hence the codrdinates of the various points 
located by the construction, and therefore also the length + 2, of the seg- 
ment joining two of them, are found by a finite number of rational 
operations and extractions of real square roots, performed upon rational 
numbers and numbers obtained by earlier ones of these operations. 

If x; is rational, (20) has a rational root as desired. Henceforth, let 2; 
be irrational. Then 2 is the quotient of two sums of terms, each term 
being a rational number or a rational multiple of a square root. A term 
may involve superimposed radicals as 


mer 10 V5, s eV 104-2 Vy b= V4 2 Vo: 


But t equals V3 — 1 and would be replaced by that simpler value. As a 
matter of fact, r is not expressible rationally * in terms of a finite number 
of square roots of rational numbers, and is said to be a radical of 
order 2. A term having n superimposed radicals is of order n if it is not 
expressible rationally in terms of radicals each with fewer than n super- 
imposed radicals. In case 1; = 27 — 7 s, we would express x in the form 
2r — 28 V5/r, involving a single radical of order 2; indeed, rs = 4 V5. 
If x, involves V3, V5 and V'15, we replace V15 by V3- V5. 

We may therefore assume that no one of the radicals of highest order 
nm in 2; is a rational function with rational coefficients of the remaining 
radicals of order n and radicals of lower order, that no one of the radicals 
of order n — 1 is a rational function of the remaining radicals of order 
n — 1 and radicals of lower order, etc. 

Let Vk be a radical of highest order n in 7. Then 


3 _atbvk 
* o+dvk 


* That is, as a rational integral function with rational coefficients, 
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where a, ..., d do not involve Vk, but may involve other radicals of 
order n. If d4+0, Vk #c/d, in view of the preceding assumption. 
Thus we may multiply the numerator and denominator of 2; by ¢ — d Vk. 
Hence, whether d ~ 0 or d = 0, we have 


m=etfvk (f ~ 0), 


where neither e nor f involves Vk. Since 2; is a root of (20), we have 
A+BvVk=0, where A and B are polynomials ine, f, k, a, 8, y. IfB +0, 
we could express Vk as a rational function —A/B of the remaining 
radicals in the initial 21. Hence B = 0 and therefore A = 0. But the 
result of substituting e — f Vk for x in the cubic function (20) is evidently 
A—Bvk. Hence 

; ty = 6 = 5 Vk 


is a new root of our cubic equation. The third root is 
= —a— 2 —% = —a— Ze. 


Now ais rational. If eis rational, x3 is a rational root of (20), as desired. 
The remaining case is readily excluded. For, if e is irrational, let V's be 
one of the radicals of highest order in e. Then, as above, 


t=g+hvs (h ¥ 0), 


where neither g nor h involves Vs, while g — h Vs is a root ¥ ts of (20), 
and hence identical with 2 or v2. ‘Thus 


etfVk=g—-—hvs. 


Now Vs and all the radicals appearing in g, h, s occur in v3 and hence 
ine. But Vk is not expressible in terms of the remaining radicals of 2. 

We have now proved that if the constructible root x of (20) is irra- 
tional, there is a rational root 23. 


11.+ Problems such as the trisection of any angle can often be solved 
by means of certain curves. We note, however, that there exists no plane 
curve, other than a conic section, whose intersections by an arbitrary 
straight line can be found by ruler and compasses.* 


* J. Petersen, Algebraische Gleichungen, p. 169. 
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CHAPTER IX 


ISOLATION OF THE REAL Roots or AN EQuaTion witH REAL 
. COEFFICIENTS 


1. Method of Rolle.* There is at least one real root of f’(x) = 0 be- 
tween two consecutive real roots a and b of f(x) = 0. 

For, the graph of y = f(x) has a bend point between a and b. 

CoroLuary. Between two consecutive real roots r and s of f’(x) = 0, 
lies at most one real root of f(x) = 0. 

For, if there were two such real roots a and 6 of the latter equation, the 
first theorem shows that f’(z) = 0 would have a real root between a and b 
and hence between r and s, contrary to hypothesis. 

Now f(x) = 0 has a real root between r and s if f(r) and f(s) have oppo- 
site signs (Ch. I, § 12). Hence the Corollary gives the 


Criterion. Jfrand sare consecutive real roots of f’(x) = 0, thenf(x) = 0 
has a single real root between r and s of and only if f(r) and f(s) have opposite 
signs. At most one real root of f(x) = 0 is greater than the greatest real root 
of f’(x) = 0, or less than the least real root of f’(x) = 0. 

The final statement follows at once from the first theorem. 


EXAMPLE. For f(7) = 32° — 2523 + 602 — 20, 
ts f(z) =at—5a?+4= (’—1)(@-4). 
Hence the roots of f’(z) = Oare +1, +2. Now 
j(—2)=—, f(—2)= —36, f(—1)= —58, f1)=18, f2)=—4, fl+o)=+. 
Hence there is a single real root in each of the intervals 
(—1,2), (62), 2; +), 
and two imaginary roots. The 3 real roots are positive. 


2. The first theorem of § 1 is a special case of 


Rolle’s Theorem. Between two consecutive roots a and b of f(x) = 0, 
there is an odd number of real roots of f(x) = 0, a root of multiplicity m 
being counted as m roots. 


* Traité de Valgebre, Paris, 1690. Hudde knew the method in 1659. 
93 
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We may argue geometrically, noting that there is an odd number of 
bend points between a and 6, the abscissa of each being a root of f’(x) = 0 
of odd multiplicity, while the abscissa of an inflexion point with a hori- 
zontal tangent is a root of f’(x) = 0 of even multiplicity. 

To give an algebraic proof, let 

f(z) = (@ — a)"(x — 6)'Q(a), a<b, 
where Q(x) is a polynomial divisible by neither z — anorz—b. Then 
if , 
The second member has the value r(a — b) < 0 for x = a and the value 
s(b — a) > 0 for x = b, and hence vanishes an odd number of times be- 
tween a and 6 (Ch. I, §12). But, in the left member, (x — a)(x — b) and 
f(x) remain of constant sign between a and b, since f(x) = 0 has no root 
between a and b. Hence f’(x) vanishes an odd number of times. 

Corouuary. If f(x) = 0 has only real roots, f’(z) = 0 has only real 
roots distributed as follows: an (m — 1)-fold root equal to each m-fold 
root of f(x) = 0 for m = 2; asingle root, which is a simple root, between 
two consecutive roots of f(x) = 0. 

For, if the roots of f(x) = 0 are a,b,c, ..., arranged in ascending 
order, of multiplicities r, s,t, ... , respectively, then a,b,c, ... are 
roots of f’(x) = 0 of multiplicities r —1,s —1,t—1, . . . , and between 
a and b lies at least one real root of f’(z) = 0, ete. The number of these 
roots of f’(z) = 0 is thus at least 
(nel) ae (oD) ete ttl) fe > aie teste += Lae 
if n is the degree of f. But f’ is of degree n — 1 and hence has only these 
roots. Thus only one of its roots lies between a and b. 


EXERCISES 

1. #& —5x2+2 =0 has | negative, 2 positive and 2 imaginary roots. 

2. 2 +2 —1=0 has | negative, 1 positive and 4 imaginary roots. 

3. «& — 32% + 22? — 5 = 0 has two imaginary roots, and a real root in each 
of the intervals (—2, —1.5), (—1.5, — 1), (1, 2). 

4, f(x) = 405 — 3at — 227+ 42 — 10 = 0 has a single real root. Hint: 

F(z) = if’(x) = 54-323 —274+1=0 

has no real root, since F’’(x) = 0 has a single real root and for it F is positive. 

5. If f(x) = 0 has imaginary roots, f(«) = 0 has imaginary roots. 

6. If f’(v) = 0 has exactly r real roots, the number of real roots of f(x) = 0 is 
r+ 1 or is less than r +1 by an even number, a root of multiplicity m being 
counted as m roots. 
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; 3. Sturm’s Method. Let f(x) = 0 be the given equation with real 
_. coefficients, and f’(x) the first derivative ‘of f(x). The first step of the 
usual process for seeking the greatest common divisor of f(x) and f’(z) 
consists in dividing f by f’ until we obtain a remainder r(x), whose degree 
is less than that of f’. Then, if q is the quotient, we have f = gf! re 
We write fo = —r, divide f’ by fe, and denote by fs the remainder with its 
sign changed. Thus 
ee eae y= Osha Jae te Sale fe ea 

The latter equations, in which oun remainder is exhibited as the nega- 
tive of a polynomial f;, yield a modified process, just as effective as the 
former process, for finding the greatest common divisor G of f(x) and f’(z) 
if it exists. 

Suppose that —f; is the first constant remainder. If f; = 0, then f; = G, since 
fs divides f2 and hence also f’ and f (by using our equations in reverse order); while 
conversely, any common divisor of f and f’ divides fo and hence also f3. 

But if fs is a constant ~ 0, f and f’ have no common divisor involving x. This 
case arises if and only if f(x) = 0 has-no multiple root (Ch. I, § 7), and is the only 
case considered in §§ 4-6. 


Before stating Sturm’s theorem in general, we shall state it for a numerical 
’ ease and illustrate its use. 


ExamMPLe. f(z) =2°+42?-—7. Thenf’ = 327+ 82, 
f=G2r+9)f -—f;, f=a¥et+7, v 
f’ = (Ha + ivr) fe = fa; Sf Rae f03h 


For x = 1, the signs of f, f’, fo, fs are — + + +, showing a single variation of 
consecutive signs. For x = 2, the signs are + + + +, showing no variation of 
signs. Sturm’s theorem states that there is a single real root between 1 and 2. 
For z = —, the signs are — + — +,, showing 3 variations of signs. The 
theorem states that there are 3 — 1 = 2 real roots between —9 andl. Similarly, 


| 


x Signs | Variations 
—rj}—--++ b 
~2)}+--+ 2 
—3.)++-+ 2 
ST eae 3 


Hence there is a single real root between —2 and —1, and a single one between 
—4 and —3. Each real root has now been isolated since we have found two num- 
bers such that a single real root lies between these two numbers or equals one of 
them. 
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4. Sturm’s Theorem. Let f(x) = 0 bean equation with real coefficients 
and without multiple roots. Modify the usual process for seeking the great- 
est common divisor of f(x) and its first derivative* fi(x) by exhibiting each 
remainder as the negative of a polynomial f;: 


GQ) f=afi-h, fi= afe—fs, fe = fs —fs, ~~ fn2=Qnafn — fn, 


where ** f, is a constant ~ 0. If a and b are real numbers, a < b, neither 
a root of f(x) = 0, the number of real roots of f(x) = 0 between a and b equals 
the excess of the number of variations of signs of 


(2) f(x), f(a), fo(z), EeTCRS fr—1(2), Tn 


for x =a over the number of variations of signs for x = b. Terms which 
vanish are to be dropped out before counting the variations of signs. 

For brevity, let V. denote the number of variations of signs of the num- 
bers (2) when z is a particular real number not a root of f(x) = 0. 

First, if 2, and 2 are real numbers such that no one of the continuous 
functions (2) vanishes for a value of x between 2 and 2 or for x = x, or 
x = 2%, the values of any one of these functions for x = x, and x = 22 
are both positive or both negative (Ch. I, § 12), and therefore V,, = Vz,. 

Second, let p be a root of f;(x) = 0, where 1 =i<n. Then 


(3) fia) = gfe) — fir) 
and the equations (1) following this one show that fi-:(x) and f;(x) have 
no common divisor involving x (since it would divide the constant f,). 


By hypothesis, fi(z) has the factor x — p. Hence f;-:(x) does not have 
this factor « — p. Thus, by (8), 


file) = —fiti(e) ¥ 0. 
Hence, if p is a sufficiently small positive number, the values of 

fils), fi (x), fixi() 
for x = p — p show just one variation of signs, since the first and third 
values are of opposite signs, and for « = p + p show just one variation of 


* The notation f; instead of the usual f’, and similarly fo instead of f, is used to reg- 
ularizé the notation of all the f’s, and enables us to write any one of the equations (1) 
in the single notation (3). 

** Tf the division process did not yield ultimately a constant remainder # 0, f and f; 
would have a common factor involving x, and hence f(«) = 0 a multiple root. 
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signs, and therefore show no change in the number of variations of sign 
for the two values of z. 
It follows from the first and second cases that V, = Vg if a and 6 are 
real numbers for neither of which any one of the functions (2) vanishes and 
such that no root of f(x) = 0 lies between a and p. 
Third, let r be a root of f(x) = 0. By Taylor’s Theorem (8) of Ch. I, 


ACA Mint Win) ACA eee oe 
TG p= a) apy er ees 


If p is a sufficiently small positive number, each of these polynomials in p 
has the same sign as its first term. For, after removing the factor p, 
we obtain a quotient of the form a+ s, where s=ap+ap?+... 
is numerically less than do for all values of p sufficiently small (Ch. I, 
end of $11). Hence if f’(r) is positive, f(r — p) is negative and f(r + p) 
positive, so that the terms f(x), fi(~) = f’(x) have the signs — + for 
x =r-— p and the signs + +forrtz=r+p. If f'(r) is negative, these 


signs are + — and — — respectively. In each case, f(x), fi(a) show one 
more variation of signs for « = r — p than for x = r+ p. .Evidently p 
may be chosen so small that no one of the functions fi(x), . . . , f, vanishes 


for either x = r — p or x = r+ p, and such that fi(z) does not vanish 
for a value of x between r — p andr + p, so that f(x) = 0 has the single 
real root 7 between these limits (§ 1). Hence by the first and second * 


cases, fi, . . . , f, show the same number of variations of signs for = r — p 
andz=r-+p. Thus, for the entire series of functions (2), we have 
(4) Vi» — Veto = 1. 


The real roots of f(z) = 0 within the main interval from a to b (7.e., the 
aggregate of numbers between a and b) separate it into intervals. By 
the earlier result, V, has the same value for all numbers in the same 
interval. By the present result (4), the value of V, in any interval ex- 


* The argument in the second case when applied for 7 = 1 requires the use of 
fo =f and hence does not indicate the variations in a series lacking f. To avoid the 
necessity of treating this case 7 = 1, we restricted p further than done at the outset 80 
that fi(z) shall not vanish betweenr — p andr + p. This necessary step in the proof is 
usually overlooked. Moreover, we have not adopted the usual argument based upon 
the continuous change of x from a to b, in view of the ambiguity of V, when.z is a root 
of f(z) = 0, etc. 
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ceeds the value for the next interval by unity. Hence V, exceeds V;, by 
the number of real roots between a and b. 


CononaAry, lfia<b, Ve = V5. 


EXERCISES 


Isolate by Sturm’s theorem the real roots of 
1, a@+22+ 20 = 0. 2. ®+2—3=0. 


5. Simplifications of Sturm’s Functions. In order to avoid fractions, 
we may first multiply f(x) by a positive constant before dividing it by 
fi(x), and similarly multiply fi by a positive constant before dividing it by 
fo, etc. Moreover, we may remove from any f; any factor k; which is 
either a positive constant or a polynomial in z positive for*a =a =b, 
before we use that f; as the next divisor. 

To prove that Sturm’s theorem remains true when these modified 
functions f, Fi, . . . , Fm are employed in place of functions (2), consider 
the equations replacing (1): 


hi a kiF, Cof = ar, pt k2F», ef) = gol’. = k3F3, 
cal" = 08} F3— kiF 4, age 4 hey cad gee = ine Pie a aa ae 


in which c, ¢, .’. . are positive constants and F,, is a constant ~0. A 
common divisor (involving x) of F;1 and F; would divide Fy», ... , 
F»2, F, f, fi, whereas f(z) = 0 has no multiple roots. Hence if p is a root 
of F;(x) = 0, then F;-1(p) ¥ 0 and 


Cit s1(p) = —Khisi(o) Fiti(o), Cir > 0, Kesr(o) > 0. 


Thus F;_; and F;,1 have opposite signs for « = p. We proceed as in § 4. 


ExampLE l. If f(z) =2+627-10, fi =3(@+2) is always positive. 
Hence we may employ f and Ff, = 1. For « = —o, there is one variation of 
signs; for* = +0, no variation. Hence there is a single real root; it lies between 
1 and 2. 

Examen 2. If f(7) = 224 — 138 2? — 10% — 19, we may take 

fr=4e°— 130 — 5. 
Then 
2f=a2fi—fe fe= 1322 +152+38 = 13(x + $5)? +1251, 


* Usually we would require that k; be positive for all values of x, since we usually 
wish to employ the limits —o and +00, 
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Since f2 is always positive, we need go no further (we may take F,: = 1). For 
x = —, the signs are + — +; forzx=+%, +++. Hence there are two 
real roots. The signs for x = 0 are — — +. Hence one real root is positive and 
the other negative. 


Y EXERCISES 


b Isolate by Sturm’s theorem the real roots of 

3 1. &+322?-2r—5=0. 2. a+1222+52-9=0. 
oe Lo =); 4, 324*—62?+82—3=0, 

. 5. 2° + 62° — 302? — 122 — 9 = 0 [stop with fo]. 

F. 6. zt — 8a3 + 252? — 362+8=0. 

j @%. Forf=2+prt+qpF0), fi=3e+p, fp=—2pr—3q, 


Ar fr=(—6pr +9Qh—f,. Je= —4 pi — 27 7, 

so that f; is the discriminant A (Ch. III, §3). Let [p] denote the sign of p. Then 
the signs of f, fi, fo, fs are 

— +.+[p] [A] forz= —~, 

+ t — Ip) (A) tore-=—ro. 
For A negative there is a single real root. For A positive and therefore p negative, 
there are 3 distinct real roots. For A = 0, fe is a divisor of f; and f, so that 
x =—34q/(2 p) isa double root. 


8. If one of Sturm’s functions has p imaginary roots, the initial equation has at 
least p imaginary roots. (Darboux.) 


6. Sturm’s Functions for a Quartic Equation. For the reduced quar- 
tic equation f(z) = 0, 


ij “a+ qe+rze+s, 
. (5) fir=4e24+2e2+7, 
fo = —2q2 —3rz2—4s. 


Let ¢ ¥ 0 and divide fi by fz. The negative of the remainder is 
(6) fs= Le —12rs—r¢’, L=8qs —2q — 9’. 


Let L ~ 0. Then f; is a constant which is zero if and only if f = 0 has 
multiple roots, i.e., if its discriminant A is zero. We therefore desire f, 
expressed as a multiple of A. By Ch. IV, § 4, 


“ip 


(7) Drea ny Em ae — Q=$qs-—Pr— 7. 
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We may employ P and Q to eliminate 


(8) 4e=—-P-£, t= -Q-3qP— He. 
We divide L*f. by 

(9) fs=Iz+3rP, L=9Q+4¢P. 
The negative of the remainder is 

(10) 18 r¢P? —9rLP + 4sL?= PA. 


The left member is easily reduced to @A. Inserting the values (8) and 
replacing L? by L(9 Q + 4 qP), we get 


—18 gQP? — 12 @P* — 3g! P? + 2gP*L + 4 GPL — 3 @QL. 
Replacing L by its value (9), we get gA. Hence we may take 
(11) faa A, 


Hence if glA # 0, we may take (5), (9), (11) as Sturm’s functions. 
Denote the sign of g by [gq]. The signs of Sturm’s functions are 


- = =([gl>-dL] [Ay for’zs= —e, 
Se ee eel [L] [A]. for « = +0. 


First, let A > 0. If q is negative and L is positive, there are four real 
roots. In each of the remaining three cases for g and L, there are two 
variations of signs in either of the two series and hence no real root. 

Next, let A < 0. In each of the three cases in which g and LZ are not 
both positive, there are three variations of signs in the first series and one 
variation in the second, and hence just two real roots. If qg and L are 
both positive, the number of variations is 1 in the first series and 3 in the 
second, so that this case is excluded by the Corollary to Sturm’s Theorem. 
To give a direct proof, note that by the value of Z in (6), 4s > @, and 
that P is negative by (7), so that each term of (10) is = 0, whence A > 0. 

Hence, if glA # 0, there are four distinct real roots if and only if A 
and L are positive, and q negative; two distinct real and two imaginary 
roots if and only if A is negative. See Ex. 5 below. 


I 


EXERCISES 


1. If qA #0, L = 0, then fs = 3rP is not zero and its sign is immaterial in 
determining the number of real roots: two if q <0, none if g >0. By (10), 
q has the same sign as A. 


- 


w— Vf 
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2. If rA ¥ 0, g = 0, obtain —f; by substituting z = —4s/(37r) in f,. Show 
that we may take f; = rA and that there are just two real roots if A < 0, no real 
root if A > 0. 

3. If A #0, ¢ =r = 0, there are just two real roots if A < 0, no real root if 
A>0. Since A = 256 s’, check by solving 24+ s = 0. 

4. If A #0, gL = 0, there are just two real roots if A <0, no real root if 
A >0. [Combine the results in Exs. 1-3.] 

5. If A <0, there are just two real (distinct) roots; if A > 0, q <0, L > 0, 
four distinct real roots; if A > 0 and either g = 0 or L = 0, no real root. [Com- 
bine the theorem in the text with that in Ex. 4.] 

6. Apply the criterion in Ex. 5 to Exs. 2, 4, 6, p. 99. 

7. Apply to Exs. 1-3, p. 39, and Exs. 1-4, p. 43. 

8. Show that the criterion of Ex. 5 is equivalent to the theorem in Ch. IV, § 7. 
If A>0,L>0,q <0, then 4s — q@ <0 by (6). Conversely, if A > 0, ¢ < 0, 
4s—q@<0,thnL>0. For, if L =0,9Q = —4qP <0, since P< 0 by the 
value (7) of A. Thus 81 Q? = 16 @P?, A = 34, where 

§= —4P3— 18 @P? = 4 P(— P—4@) = 4P%(4s —@) <0, 
—P having been replaced by its value in (7). Thus A < 0, contrary to hypothesis. 
The two criteria for four real roots are therefore equivalent. The criterion for 
2 distinct real and 2 imaginary roots is A < 0 in each theorem. By formal logic 
the criteria for no real root must be equivalent. 


9. If a, 8, y are the roots of a cubic equation f(x) = 0, Sturm’s functions* 
f, fi, fe, fs equal products of positive constants by 


Ga ae—pie—y7), 2a—p)e—7), 2le—e@(o—7), (e—p)"(e— 7)" (69). 
Why is it sufficient to prove this for a reduced cubic equation? 


Take f as in Ex. 7, p. 99. Proof is needed only for the third function. In it 
the coefficient of x equals 2 Za? — 2 Yas = —6 p, while the constant is 


— Ya*y + 6 aby = —38¢q — 64, 
by Ex. 1, p. 64. Thus the third function equals 3 fo. 


10. Sturm’s functions for any equation with the n roots a, B,..., 7, w equal 
products of positive constants by 
(c—a)...(&—a), L(a#— pf)... (&w—o), Za—pr(ea—y)... (*™— a), 
Fa—sia—4y(b—yye—s) 1... Wo), o.., (2-8. ow. op 


Verify this for n = 4, using §6. A convenient reference to a proof for any n is 
Salmon’s Modern Higher Algebra, pp. 49-53. 

11. There are as many pairs p of imaginary roots as there are variations of 
signs in the leading coefficients of Sturm’s functions, 7.c., p = V+... Hints: 
Of any two consecutive Sturm’s functions, the one of even degree has the same 
signs for z= —o and «= +, while the one of odd degree has opposite signs. 


* In Exs. 9-12, it is assumed that there are n + 1 Sturm’s functions for the equation 
of degree n. 
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Hence, for the two functions, V-. + Vio =1. There are n pairs of consecu- 
tive Sturm’s functions. ene 

Hence V_o + View =n, the degree of the equation. 

Subtract V_.. — Vio = 1, the number of real roots. 

Thus 2Vi0 =n—¥7 =2 >? 

12. By Exs. 10, 11, the number of pairs of imaginary roots is the number of 
variations of signs in the series 


i ee La — eye. D(a — B)(a — y)2(6 — 7)’, Sb: tg 
provided no one of these sums is zero. , 


7.+ Sturm’s Theorem for the Case of Multiple Roots. Let*/f,(x) be 
the greatest common divisor of f(x) and fi = f’(z). We have equations 
(1) in which f, is now not a constant. The difference V, — V>z is the num- 
ber of real roots between a and b, each multiple root being counted only once. 

If p is a root of f(z) = 0, but not a multiple root of f(x) = 0, then 
fia(e) 4 0. For, if it were zero, x — p would by (1) be a common factor 
of f and fi. We may now proceed as in the second case in § 4. 

The third case requires a modified proof only when r is a multiple root. 
Let r be a.root of multiplicity m,m = 2. Then f(r), f’(r), ... , f*™2) 
are zero and, by Taylor’s Theorem, 


fe +7) = pp fmMtee, 


Ceres iy 


ate 1-2 - aoe pwr me oa: 


These have like signs if p is a positive number so small that the signs of 
the polynomials are those of their first terms. Similarly, f(r — p) and 
f'(r — p) have opposite signs. Hence f and f; show one more variation of 
signs for « = r — p than forz=r-+p. Now (« —r)""' is a factor of 
fand f, and hence, by (1), of fo, . . . , fr. Let their quotients by this factor 


be ¢, ¢1, . - +, dn Then equations (1) hold after the f’s are replaced by 
the ¢’s. Taking p so small that ¢:(~) = 0 has no root between r — p and 
r + p, we see by the first and second cases in § 4 that ¢1, . . . , ¢, show 
the same number of variations of signs for « = r— p as forx =r+p. 
The same is true for fi, ..., f, since the products of gi, . . . , dn by 
(« — r)”— have for a given x the same signs as ¢; . . . , ¢, or the same 
signs as —¢1,..., —¢n- But the latter series evidently shows the 


same number of variations of signs as ¢1, . . . , ¢n. Hence (4) is proved 
and consequently the present theorem. 


* The degree of f(x) is not n, nor was it necessarily n in § 4. 
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EXERCISES 


1.j Forf = «4 — 827+ 16,f,= 2-42, fe= 2? —4,f, = afr Hencen = 2. 
Then V_. = 2, Vo = 0, and there are only two real roots, each a double root. 
2.1 f = @ —1)3(@ — 2). 3.f (w — 1)2(@ + 2)3. 4f at-—2?—-—2244+2. 


8.{ Budan’s Theorem. Let a and b be real numbers, a < b, neither 
a root of f(x) = 0, an equation of degree n with real coefficients. Let Va 
denote the number of variations of signs of 


(12) f@), #'@), F"@), -- +, fP@) 


for x = a, after vanishing terms have been deleted. Then Vz — V, is either 
the number of real roots of f(x) = 0 between a and b or exceeds the number of 
those roots by an even integer. A root of multiplicity m is here counted as m 
roots. 


In case Va — Vz is 0 or 1, it is the exact number of real roots between a and b. 
In other cases, it is merely an upper limit to the number of those roots. While 
therefore the present method is not certain to lead to the isolation of the real 
roots, it is simpler to apply than Sturm’s method. Indeed, for an equation of 
degree 6 or 7 with simple coefficients, Sturm’s functions may introduce numbers of 
50 or more figures. 


The proof is quite simple if no term of the series (12) vanishes for 
x =a or for « = b and if no two consecutive terms vanish for the same 
value of x between a and b. Indeed, if no one of the terms vanishes for 
2%, = x = %, then Vz, = V;,, since any term has the same sign for x = 1% 
as for x = 2%. Next, let r be a root of f(x) =0,a<r<b. By hy- 
pothesis, the first derivative f(* (x) of f(z) is not zero forz=r. As in 
the third step (now actually the case 7=0) in § 4, f((x) and f(z) show 
one more variation of signs for x = r — p than for x = r + p, where p is 
a sufficiently small positive number. If 7 > 1, f is preceded by a term 
f. in (12). By hypothesis, f(x) # 0 for x = rand hence has the 
same sign for « =r—p and «=r-+p when p is sufficiently small. 
For these values of x, f(x) has opposite signs. Hence f(~) and f® 
show one more or one less variation of signs for « = r — p than for 
x=r+p, so that f-), f, f show two more variations or the 
same number of variations of signs. 

Next, let no term of the series (12) vanish for x = a or for « = b, but 
let several successive terms 


(13) fO(z), fHV@),..., fF) 
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all vanish for a value r of x between a and }b, while f+? (r) is not zero, 
say positive.* Let J, be the interval between r — p and 7, and J, the 
interval between r and r+ p. Let the positive number p be so small 
that no one of the functions (13) or f‘**(x) is zero in these intervals, so 
that the last function remains positive. Hence f‘*/-)(x) increases with 
x (since its derivative is positive) and is therefore negative in J, and positive 
in J,. Thus f‘+?)(x) decreases in J; and increases in J; and hence is 
positive in each interval. In this manner we may verify the signs in the 
following table: 


fO fw fe ao fer» far fairy fan 
fae Ca bee lei a or se: 
daar - os ea: + - Sc 


Hence these functions show j variations of signs in J; and none in J». 

If 7 > 0, the first term of (13) is preceded by a function f‘»(x) which 
is not zero for x = r, and hence not zero in J, or I, if p is sufficiently small. 
If 7 is even, the signs of f(» and f® are + + or — + in both J; and Is, 
showing no loss in the number of variations of signs. If 7 is odd, their 
signs are 


h| +- —- 


or 


Ie) hk saa 
so that there is a gain or loss of a single variation of signs. Hence 
fo, FO) FRO. yee 


show a loss of j variations of signs if 7 is even, and a loss of j + 1 if 7 is 
odd, and hence always a loss of an even number = 0 of variations of 
signs. 

Ifi=0,f =f has rasa j-fold root and the functions in the table show 
j more variations of signs for « = r — p than for «x = r+ p. 

Thus, when no one of the functions (12) vanishes for x = a or for x = b, 
the theorem follows as at the end of § 4 (with unity replaced by the mul- 
tiplicity of a root). 

Finally, let one of the functions (12), other than f(x) itself, vanish for 
x =aorfore=b. If 6is a sufficiently small positive number, all of the 
N roots of f(x) = 0 between a and b lie between a+ 5 and b — 6, and 


* If negative, all signs in the table below are to be changed; but the conclusion holds. 
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for the latter values no one of the functions (12) is zero. By the above 
proof, 
Vars — Vit =N+2t, 


Va— Vas =2j, Vos — Vi = 2s, 
where ¢, j, s are integers = 0. Hence V.— V, =N+2(t+j+s). 
Exampte. For f = 2? — 72 —7, 
f’=32-7, f"=62, f'’=6 


There is one variation of signs for z = 3, but none for x = 4, so that just one real 
root lies between 3 and 4. For 


z | sae nit he iG 
—e —i +5 —12 +6 3 variations 
—1 | —1 —4 — 6 +6 1 variation. 


Thus there are two real roots or no real root between —2 and —1. The former is 
the case. The reader should isolate the two roots by finding an intermediate value 
of x for which the series shows two variations of signs. 


EXERCISES 
Isolate by Budan’s theorem the real roots of 
Lj 2—2?—227+1=0. 2.4 8+3e—22-—5=0. 


3.{ If f(a) #0, Va equals the number of real roots > a or exceeds that number 
by an even integer. 

4.+ There is no root greater than a number making each of the functions (12) 
positive, if the leading coefficient of f(x) is positive. (Newton.) 

5.{ Divide f (@) = 2" + az*1+ --- byx—a; then 


fe) = @ — a) jar + agile) + ++ + + Gnsla)§ + fla), 


where gi(a) =ata, gla) = aX +ma+a,.... If a@ is chosen so that 
g(x), .. +», gnt(a), f(a) are all positive, no positive root of f(x) = 0 exceeds a. 
(Laguerre.) 


9. Descartes’ Rule of Signs. The number of positive roots of an 
equation with real coefficients either equals the number V of variations of 
signs in the series of coefficients or is less than V by an even integer. A root 
of multiplicity m is here counted as m roots. 

For example, z° — 322+2+1=0 has either two or no positive 
roots, the exact number not being found. But — 32*+2+1 = 0 has 
exactly one positive root. 
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Consider any equation with real coefficients 
f(a)-= aon" + az! 4+ +--+ +a,2+a, = 0, 
with a, #0. For x = 0 the functions (12) have the same signs as 
Ons Gizto- ches ine 


so that Vo) = V. For x = +0, the functions have the same sign (that 


of a). Thus Vo) — V., = Vis either the number of positive roots or 


exceeds that number by an even integer. Next, the theorem holds if 
f(0) = 0, as shown by removing the factors 2. 

CoroLuary. The number of negative roots of f(x) = 0 is either the 
number of variations of signs in the coefficients of f(—-) or is less than 
that number by an even integer. 

Thus «6 — 3227+ 2+ 1 = 0 has either two or no negative roots, since 
a — 327 — 2+ 1 = 0 has two or no positive roots. 


EXERCISES 


1. 2 —3x-+ 2 = 0 has one negative root and two equal positive roots. 
2. 23 + a + b? = 0 has two imaginary roots if b ¥ 0. 
3. For n even, 2” — 1 = 0 has only two real roots. 
4. For n odd, x” — 1 = 0 has only one real root. 
5. For n even, 2” + 1 = 0 has no real root; for n odd, only one. 
6. 24+ 1222+ 52 —9 = 0 has just two imaginary roots. 
7. 24+ ax + be — c = 0 (c ¥ 0) has just two imaginary roots. 
8. To find an upper limit to the number of real roots of f(x) =0 between a and 6, set 
_a+by ie -7=*) 
eA 1+y ke ar ie 


multiply by (1 + y)", and apply Descartes’ Rule to the resulting equation in y. 


10.¢ Fourier’s Method. If Budan’s Theorem gives a loss of two or 
more variations of signs in passing from a to a larger value 6, and hence 
leaves in doubt the number of real roots between a and b, we may employ 
a supplementary discussion. 

First, let f, f’, f’ show two variations of signs at a and no variation at b, 
while the series beginning with f” shows no loss in variations (as in the 
Example in $8). Then f” is of constant sign between a and b, and the 


Eee 


S\N Ts 


OE a eee PO ae ee ee 
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graph of y = f(x) has a (single) maximum or minimum point between 
a and 6, according as f’’:is negative or positive. If the sum 


f(0) _ f(a) 
; 0) F@ 
of the subtangents at the points with the abscissas a and b is > b — a, 
the tangents cross before meeting the z-axis and the graph does not inter- 
sect the x-axis between a and b, so that there are two imaginary roots 
in view of Budan’s Theorem and 


(14) n= V_.—V. = (V_» — Va) + Va — Vs) + (Vi—V,,). 


In the contrary case, we examine the value half way between a and b, 
etc. Clearly the case of imaginary roots will disclose itself after a very 
few such steps. 

Next, in the general case, we shall find, after a suitable subdivision of 
the interval, three consecutive functions 


f%, FO), fo 


showing two variations of signs at a’ and no variation at b’, while the 
later terms of the series show no loss in variations of signs. We may 
therefore decide as in the first case whether there are two real roots of 
f{ = 0 in the interval [a’, b’] or not, and in the latter alternative conclude 
that f = 0 has two imaginary roots.* 


EXAMPLE. Let {o) =v —S2*— 162 + 122? — 92 — 5. Then 
f’ (x) = 5 24* — 2023 — 48 2? 4 242 — 9, 
af" (ec) = 523 — 152? — 242+ 6, 
gaff’ (x) = 52? — 102 — 8, 
of" @) =2z—1, f(x) = 120. 


There is just one real root in each of the intervals (— 3, —2), (—1, 0), (7,8). The 
interval (0, 1) is in doubt, the signs being 


= =— + —- — + forr=0, 
—-— — — — — + forzx =1, 
where 0 isread —. The 7 of the text is here 1. Now 
f —48 9 
eC FAR) eae ar 


#0) FO) 4 (—28) * 46) 


* For further details, see Serret, Algébre Supérieure, ed. 4, I, pp. 305-318. 
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so that we must subdivide the interval. For x = }, the signs are the same as 
forx =1. Thus the loss in variations of signs occurs in the interval (0, 3). Now 
io Dee 0 ec! 

tps O) Set ee 


Hence there are two imaginary roots. 


EXERCISES 


Lt 2° —3at+223 — 822+ 32 — 25 = 0 has 4 imaginary roots. 
2. +25 —2t— 23+ 2?-—2+1 =0 has 6 imaginary roots. 


CHAPTER X 
SoLuTIon or Numerical EQuaTIons 


1. Newton’s Method. To find the root between 2 and 8 of 
e— 22 —5'= 0; 
Newton * replaced x by 2 + p and obtained 
p+67?+10p—1 = 0. 
Since p is a decimal, he neglected** the first two terms and set 10 p—1=0, 
so that p = 0.1, approximately. Replacing p by 0.1 + q in the preceding 
cubic equation, he obtained 
¢ + 6.3 g? + 11.23 ¢g + 0.061 = 0. 
Dividing —0.061 by 11.23, he obtained —0.0054 as the approximate 
value of g. Neglecting g and replacing gq by —0.0054 + 7, he obtained 
6.3 r? + 11.16196 r + 0.000541708 = 0. 
Dropping 6.3 7r?, he found r and hence 
x= 2+ 0.1 — 0.0054 — 0.00004853 = 2.09455147. 

This value is in fact correct to the seventh decimal place. But the 
method will not often lead as quickly to so accurate a value of the root. 

The method is usually presented in the following form. Given that a 
is an approximate value of a real root of f(x) = 0, we can usually find a 
nearer approximation a + h to the root by neglecting the powers h?, h’,.. . 
of the small number h in Taylor’s formula 


flath) =f) +f @ht+f" et... 
and hence by taking Aas 
r oe Bee: 
f(a) Seid (a)h al 0, h se f'(a) 


We then repeat the process with a + h in place of the former a. 


* Tsaaci Newtoni, Opuscula, I, 1794, p. 10, p. 37 [found before 1676). 
** At this early stage of the work it is usually safer to retain also the term in p? and 
thus find p approximately by solving a quadratic equation. 
109 
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Thus in Newton’s example, we have, for a = 2, 


eee I) el (ia = 
b= f’(2) 10 a =a+h=2.1, 


_ —f(2.1)_ — 0.061 
= ety — ies COE 


h’ 

2. Graphical Discussion of Newton’s Method. Using rectangular 
coordinates, consider the graph of y = f(x) and the point P on it with the 
abscissa OQ = a (Fig. 22). Let the tangent at P meet the z-axis at T 


Fig. 23 


and let the graph meet the z-axis at S. Take h = QT, the subtangent. 


Then 
QP =f(a), f'(a) = tanXTP = —f(a)/h, 


In the fictitious graph in Fig. 22, OT =a-+Ah is a better approximation 
to the root OS than OQ =a. The next step (indicated by dotted lines) 
gives a still better approximation OT}. 

If, however, we had begun with the abscissa a of a point P; near a bend 
point, the subtangent would be very large and the method would probably 
fail to give a better approximation. J ailure is certain if we use a point 
P, such that a single bend point lies between it and S. 

We are concerned with the approximation to a root previously isolated 
as the only real root between two given numbers a and 6. These should 
be chosen so nearly equal that f’(v) = 0 has no real root between a and 8, 
and hence f(x) = 0 no bend point between a and 8. Further, if f’’(x) = 0 


oF 


RNR VTP We 


i eet. 
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has a root between our limits, our graph will have an inflexion point 


- with an abscissa between a and 8, and the method likely will fail (Fig. 23). 


Let, therefore, neither f’(x) nor f’’(x) vanish between a and 6. Since 
f” preserves its sign in the interval from a to 8, while f changes in sign, 
f” and f will have the same sign for one end point. According as the 
abscissa of this point is a or 8, we take a = a or a = B for the first step of 
Newton’s process. In fact, the tangent at one of the end points meets 
the z-axis at a point 7’ with an abscissa within the interval from a to 8. 
If f’(2) is positive in the interval, we have Fig. 24 or Fig. 25; if f’ is nega- 
tive, Fig. 26 or Fig. 22. 


Fig. 24 Fig. 25 Fig. 26 


In Newton’s example, the graph between the points with the abscissas « = 2 
and 6 = 3 is of the type in Fig. 24, but more nearly like a vertical straight line. 
In view of this feature of the graph, we may safely take a = a, as did Newton, 
although our general procedure would be to take a = 8. The next step, however, 
accords with our present process; we have a = 2, 6 = 2.1 in Fig. 24 and hence 
we now take a = 8, getting 

0.061 


11.23 = 0.0054 


as the subtangent, and hence 2.1 — 0.0054 as the approximate root. 


If we have secured (as in Fig. 24 or Fig. 26) a better upper limit to the 
root than 8, we may take the abscissa c of the intersection of the chord 
AB with the z-axis as a better lower limit than a. By similar triangles, 

Sie so= a = 58) B=, 
af(B) — Bf(a) 
C= - ar ae 
(8) — fla) 
This method of finding the value of c intermediate to a and £ is called the 
method of interpolation (regula falsi). 
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In Newton’s example, a = 2, 6 = 2.1, 
- f(a) = =-1, f(@) = 0.061, ¢ = 2.0942. 


The advantage of having c at each step is that we know a close limit of 
the error made in the approximation to the root. 

We may combine the various possible cases discussed into one: 

If f(x) = Ohas a single real root and f'(x) = 0, f’’(x) = 0 have no real root 
between a and B, and if we designate by B that one of the numbers a and 8 
for which f(8) and f'"(8) have the same sign, then the root lies in the narrower 
interval from c to B — f(B)/f'(B), where c is given by (1). 

It is possible to prove* this theorem algebraically and to show that by 
repeated applications of it we can obtain two limits a’, 8’ between which 
the root lies, such that a’ — £’ is numerically less than any assigned 
positive number. Hence the root can be found in this manner to any 
desired accuracy. 


ExaMpie. f(x) = a2 —22?—2, a = 2}, = 21. Then 
fle) =-#, Je)= ¢- 
Neither of the roots 0, 4/3 of f’(z) = 0 lies between @ and 8, so that f(r) = 0 has 
a single real root between these limits (Ch. IX, §1). Nor is the root 3? of f’’(x) = 0 


within these limits. The conditions of the theorem are therefore satisfied. For 
a <x < 8, the graph is of the type in Fig. 24. We find that 


tH - BH (8) 
= fo = 2.349 "= 6 ——— = 2.3714 
7, ) Z see f'(8) Oe 
f we. St) ; 
fo = — = ASAD 
B t'(B) 


oy _ For « = 2.3593, f(z) = —0.00003. We therefore have the root to four decimal 
places. For a = 2.3593, 


f'(a)=7.2620, a—- 


which is the value of the root correct to 7 decimal places. For, if we change the 
final digit from 1 to 2, the result is greater than the root in view of our work, while 
if we change it to 0, f(x) is negative. 


* Weber’s Algebra, 2d ed., I, pp. 380-382; Kleines Lehrbuch der Algebra, 1912, p. 168. 
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EXERCISES 
(Preserve the numerical work for later use.) 


1. Find the root between 1 and 2 of 223+ 42? — 7 = 0 correct to 7 decimal 


places. 
2. Find the root between —1 and —2 to 5 decimal places. 
3. Find a root of x? + 22+ 20 = 0 to 5 decimal places. 


3. Systematic Computation by Newton’s Method. Set 


; 1 i 
fh=4l", faggl" <4, fe=gagagl" =ths..-. 


Then, by Taylor’s formula, 
F@+A) =f@)+hf'@) + Whe) + Mhz) + Mfr) + -- 


f(a +h) = f’ (a) + 2 hfolx) + 8 hfs(e) + 4 hfe) + +, 
fale + h) = falx) + 3 hfa(x) + 6 hefs(a) + - - 
fala + h) = ia) 4 yaa) 


The second formula may also be derived from the first by differentiation 
with respect to h (or if we prefer, with respect to x), and likewise the 
third from the second, with a subsequent division by 2, ete. 


The work of finding f(x +h), f’(a +h), . . .from f(x), f’(a), fo(x), ... 
may be arranged as follows for the case n = 3, whence f; = 0: 
fs ta ae f 

+ hfs + h(fe + hfs) + ACF! + hfe + Wfs) 

So + hfs ees fr dif ify nfs 
+ hfs + A(fa + 2 hfs) = f(a + h) 

fo + 2hfs| f' +2hfe+3h’fs = f'(e+h) 

+ hfs 


ft+3hfs = fo(x + h) 
Here we have added hf; to fo. This sum is multiplied by h and the 
product added to f’. To the resulting sum is added h times the second 
sum f, + 2 hf; in the second column; etc. 


ExamePte 1. f(z) = 2? —2a*?—2. Then 
f'(z) =32°-—42, folzt) =32—2, fa(x) = 1. 
Their values for x = 68 = 23 are given in the first line below. Since* 
h = —f/f’ = —0.129, the work is as follows: 
* Ordinarily we would use at this step the value h =—.138, which is sufficiently 
exact and simplifies the numerical work. 
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ag 1 ae 8.75 1.125 
Seba —0.69286 —1.03937 
ane 5.371 8.05714 0.08563 
—0.129 Dee 
f 5.242 7.38092 
—0.129 
t 5.113 


The numbers at the bottom are the values of 
fs, f2(6), f'@), f(@’) fore’ =e@+h = 2.371. 
EXAMPLE 2. Netto treats in his Algebra the equation 


f@) =2!+2-—322?-xc-—4=0. 
Then 


f'@) =42+32—62—-1, fp=62?+32—3, fps=4r+1, fp=1. 
Since f(1) = —6, f(2) = 6, there is a root of f(x) = 0 between 1 and 2. By 


Descartes’ Rule, f’(x) and f2(x) each have a single positive root. Since f’(1) = 0, 
fe(1) = 6, fo(2) = 27, neither has a root between 1 and 2. Since f(2) and f’’(2) 


are of like sign, we take 6 = 2. The values of fi, . . . , f for x = 2 are given 
in the first line below. 
1 9 27 31 6 meal ere 
—0.2 —1.7%6 — 5.048 —5.1904 al Ss 
8.8 25 .24 25 .952 0.8096 
—0.2 — 1.72 — 4.704 
8.6 23.62 21.248 
—0.2 — eal 
8.4 21.84 —0.8096 
—0.2 21.248 
1 8.2 =—0.04 
—0.04 — 0.3264 — 0.860544 —0.81549824 
8.16 21.5186 20.3887456 | —0.00589824 
—0.04 — 0.8248 — 0.847552 
8.12 21.1888 | 19.539904 
—0.04 — Pau 
8.08] 20.8656 


—0.04 0 .00589824 
8.04 eee ee o— 
1 8.04 19 539904 0.000302 


PAE allies it a 


ti J 
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The root is 2 — 0.2 — 0.04 + 0.000302 = 1.760302, in which only the last figure 
is in doubt. Indeed, it can be proved that if the quotient f/f’ begins with k zeros 
when expressed as a decimal, the best approximation is obtained by carrying the division 
to 2k decimal places. 


EXERCISES 


1. Extend the work of Example 1 above. 

2. Apply the present method to Exs. 1, 2, 3, page 113. 

3. Treat in this way Newton’s example (§ 1). 

4. In the four long formulas at the beginning of § 3, any arithmetical coefficient 
equals the sum of the one preceding it and the one above that preceding one, as 
6=3+3,4=1+43. 


4. Horner’s Method.* To find the root between 2 and 3 of 
a—22%—-5=0 


by the method now to be explained, we shall modify in two respects the 

process used by Newton (§ 1). While in the latter process we set x = 2 + p 

and found the cube of 2 + p, etc., in order to form the transformed equation 
/, f 


p+6p?+10p—1=0 hs AP if” yf, |e erst! 


SYA (4 ¢ 
for p, we shall now obtain this equation by a different process. Since 
48) =rF— 2, 2 4A : : 


ee Sy Be 8)? 10. — 


identically in z. Hence —1 is the remainder obtained when x? — 2% — 5 
is divided by x — 2; the quotient Q evidently equals 


(~ — 2)? + 6 (x — 2) + 10. 


Similarly, 10 is the remainder obtained when this Q is divided by x — 2 
and the quotient Qi equals (v — 2) +6. Another division gives the 
remainder 6. Hence to find the coefficients 6, 10, —1 of the terms after 
p* in the new equation in the variable p = x — 2, we have only to divide 
the given function 2? — 22 — 5 by x — 2, the quotient Q by x — 2, etc., 
and take the remainders —1, 10, 6 in reverse order. However, when the 
work is performed as tabulated below, no reversal of order is needed, 
since the coefficients then appear on the page in their desired order. 


* W.G. Horner, London Philosophical Transactions, 1819. 


t 
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Synthetic Division. We next explain a brief method of performing a 
division by x — 2 and, in general, by x —h. When we divide 
f@) = an” + ae? - * + ae 
by « — A, let the constant remainder be r and the quotient be 
q(x) = bot + bya? + + + - + Bn. 
Comparing the coefficients of f() with those in 
(x — h) g(@) +r 
ok ( /)) = bot (bs — hbo) 0"! (babs) a2 + + + $(Opa hy») 2 — haa, 
we obtain relations which may be written in the form 
6k © do=a, bi=aithbo, bo=athbhi, . ~~, bn+»a=Anat hdr, r=Gnt Abra. 
“ The steps in the work of computing the b’s may be tabulated as follows: 


Ao ay COP Me Ae U0 ea fat |h 
} hbo hb; =e) hb, hb,-1 
j : bo by by POST Ges : 


In the second space below dp we write bo (which equals a). Then mul- 
tiply bo by A and enter the product under a, add and write the sum }; 
below it, etc. This process was used in Ch. I, $5, to get the value r 
of f(h). See also Ch. VI, § 6. 


In our example, the work is as follows: 


1 0 -2 -5 [2 
2 4 4 

me 2] —1 
ae 

1 Piel) 

er Rae 

Dene 


Thus 1, 6, 10, —1 are the coefficients of the equation in p. 


But there is a more essential difference between the methods of Horner 
and Newton than the detail as to the actual work of finding the trans- 
formed equations. Newton used the close approximation 0.1 to the root 
of the equation in p. As this value exceeds the root p and hence would 


t 


a eee bs 
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lead to a negative correction at the next step, Horner would have used - 
the approximation 0.09 (taking a decimal, with a single significant figure, 


just less than the root). The next steps of Horner’s process are as 
follows: 


46 10 =] /(0.09 
0.09 0.5481 0.949329 
1+ 36,09 10.5481 —0.050671 
0.09 0.5562 
fee 6218 11.1043 0.05 
0.09 ihe 
e697 =().004 


0.004 0.025096 0.044517584 
1 6.274 11.129396 | —0.006153416 
0.004 0.025112 
1 6.278 11.154508 
0.004 
1 6.282 


Hence x =2.094+-#, where t is between 0.0005 and 0.0006. Thus #-+6.282 ¢? 
is between 0.0000015 and 0.0000023, so that the constant term should be 
reduced by 2 in the sixth decimal place. We now have 


11.154508 ¢ = 0.006151+, ¢t = 0.0005514+, 
with doubt only as to whether the last figure of t should be 4 or 5. 


EXAMPLE 1. Find the root between 1 and 2, correct to seven decimal places, of 
e+4e—-7=0. 


See p. 118. The figure in the fourth decimal place is evidently 2. Thus 
z=1.164+y, 0.0002<y< 0.0003, y®+7.492y+--- =0, 


0.000000299 < y? + 7.492 1? < 0.000000675, 
0.003316381 < 13.376688 y < 0.003316757, 
0.00024792 < y < 0.00024795. 


Hence x = 1.1642479+, in which all of the figures are correct. But this work may 
be abridged. The sum of the terms in 1/’ and 7” has its first significant figure in the 
seventh decimal place, as shown by 7.5 (0.0003). Hence, returning to the final 
numbers in our transformation scheme above, we carry the division of 0.0033170 
by 13.376688 until we reach a remainder whose sign is in doubt in view of the 
doubt on the seventh decimal place of the dividend. Doubt would here first arise 
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ees 0 sel iel 4 Ls 
1 5 5 
be Fs 5 = 2 
1 6 
as 11 
1 
[0.1 
1.171 
—0.829 
[0.06 
0.06 0.4416 0.772296 
1 7.36 12.8716 | —0.056704 
0.06 fee 
1 7.42 | 13.3168 
0.06 3 
1 7.48 |0.004 


0.004 0.029936 0 .053386944 
1 7.484 13.346736 | —0.003317056 
0.004 0.029952 
1 7.488 | 13.376688 
0.004 
1 7.492 


in the case of the figure 9 in the seventh decimal place of the quotient; but this 
doubt is removed by noting that the correction to be subtracted from the seventh 
decimal place of the dividend is a figure between 2 and 7 (as shown by the above 
examination of the terms in 7 and y’). 

Exampue 2. Find the root between —4 and —8, correct to seven decimal 
places, of the equation in Ex. 1. 

Using the multipliers —4, +0.6, +0.008, we find that x = —4 + 0.608 + y 
where 

y> — 6.176 4? + 7.380992 y — 0.004556288 = 0. 


Thus y just exceeds 0.0006. The sum of the terms in 3’ and y? is —0.000002 to 
six decimal places. Carrying the division of 0.004558 by 7.381 until the sign of 
the remainder is in doubt, on account of the doubt in the sixth decimal place, we 


—— 
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get y = 0.0006175, with the slight doubt due to the approximate value of the 
divisor and that of the y? term. Since the cube of 6.176 is just less than 235.6 
(as shown by logarithms), the sum of the terms in y? and y? is —0.000002356 
to nine decimal places. Carrying out the division of 0.004558644 by the exact 
coefficient of y, we get y = 0.0006176, correct to seven decimal places. Hence 
x = —3.3913823. 


EXERCISES 


1. Find to 7 decimals the root of x? + 42? — 7 = 0 between —1, —2. 

2. Find to 7 decimals all the roots of x? — 7% — 7 = 0. 

Find to 5 decimals all the real roots of 

3. 8 +224 20=0. 4. 8+30—-2¢7-—5=0. 

5. 2+a?-—22e—1=0. 6. 24+ 423 — 17.52? — 182+ 58.5 = 0. 

7. 24 — 117272 + 40385 = 0. (G. H. Darwin.) 

8. Find to 8 decimals the root between 2 and 3 of 2? — x — 9 = 0 by making 
only three transformations. 


5. Without the intermediation of the idea of division by x — h, we 
may show directly that the process of § 4 yields the correct transformed 
equation. For simplicity, we take a cubic equation 


f(x) = av + be? ++ cr +d =0. 


Our process was as follows: 


a b Cc d lh 
ah ah? + bh ah’ + bh?+ ch 

a ah+b6 ah? + bh +¢ ah? + bh? + ch +d 
ah 2 ah? + bh =f(h) 

a 2ah+b 3ah?+2bh+c=f'(h) 
ah 


a 3ah+b =f" (h) 
Hence the transformed equation is 
EL Ap + af" Op +f ()p + fh) = 0. 


The terms of the left member, read in reverse order, are those of Taylor’s 
formula for the expansion of f(h + p). Hence the above process yields 
the equation obtained from f(x) = 0 by setting z = h + p. 
6.; Numerical Cubic Equations. After finding a real root r # 0 of 
f(z) =¢2+ be? + cx +d =0, 
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we may obtain the remaining roots r; and r2 from 
mtr = —b—r1, n= f= orte. 


We have 
(2) (ry — 2)? = (1 +m)? — 4ryrp = B® — 4c — 2br — 37°. 


Thus 7; — 7 is either real or a pure imaginary. Making use also of 
7, + 12, we shall have the real or imaginary expressions of 7, 72. As it 
would be laborious to compute the right member of (2), we may make 
use of a device. We have 
(r1 — 2)? = BP —3c—f'(r). 

' The value of f’(r) for the approximate value of r obtained at any stage 
of Horner’s process is the coefficient preceding the last one in the next 
transformed equation (§ 5). 


EXAMPLE. Let f(z) =23+42?-—7. By Ex. 1, p. 117, 
f'(1.164) = 13.376688. 
If we continue Horner’s process, using the multiplier m = 0.000248, and retaining 
only six decimal places, we see that we must twice add 7.492 m = 0.001858 to the 
preceding f’ to get 
f'(r) = 13.380404, r = 1.164248. 

But this continuation of Horner’s process is unnecessary. Using f’’’(x) = 6 and 
the work on p. 118, we have 

f'(e+m) = fic) + mf" (ec) + 3m, $f(1.164) = 7.492, 

f'(r) = 13.87 . . . +2m (7.492) + 0.0000002 = 13.3804042. 
Hence we get 

(r) — re)? = 2.6195958, m1 —7re = 1.6185165, 

rm +re= —5.1642479, rr, = —1.7728657, re = —3.3913822. 


7+. Numerical Quartic Equations. Let 
f(x) = 21+ ba + cv? +dx+e=0 


have two distinct real roots r and s. When these are found approximately 
by Horner’s process, we get at the same time f’(r), f’(s), approximately. 
Call the remaining roots 7; and rz. Then 
nmtn=—-b—r—s, 
ne =c—(r+s)\(n+nr) —rs=c+bir+s)+r+rs + 8, 
(7, — nm)? =bP—4c—2br+s) —3r—2rs— 38, 
P (r, — )?(6 + 2r + 28) = —( — 12)*(2 7, + 212 + DB) 
= 68 — 4bce — 8c(r +s) + b(— 7r?—10rs—7 8?) —6 F—102?2s—10 rs?—6 83. 
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To the second member add the product of 10 by 
Pers re +s be + rs +s) + er +s) +d = Ae abs LO Ty 


—s 
Hence: 


. (ry — )2(b + 2r+4+2s) = —4be+8d+f'(r) + f’(s). 


From this equation we get r: — 7: and then find 7; and 7, approximately. 


EXERCISES + 


1. After finding one of the real roots of the cubic equations in Exs. 2, 3, 4, 5, 8, 
p. 119, find the remaining roots by § 6. 

2. Treat the quartic equations in Exs. 6, 7, p. 119, by § 7. 

Find two and then all of the roots of 

3. 28+1274+7=0. 4. xt — 8023 + 1998 2? — 14937 x + 5000 = 0. 


8.7 Graffe’s Method. First, let all of the n roots m1, . .. , Xn be real 
and distinct numerically. Choose the notation so that x, exceeds 2, nu- 
merically and 2x; exceeds 23 eee etc. In 


(3) DX" = 1" (+2 ae: ES a” em ny 


each fraction approaches zero as m increases, so that x,” is an approxi- 
mate value of 22,” if m is sufficiently large. Similarly, 


m Mam 
3° V4 
<p e ep +--:), 


a ee 


(4) Lay" Ly" = Ly" (1 no eS 
A wi) 


so that 2"r”" is an approximate value of Za,"x." for m large. Now 
Gi... -, ¢, are the roots of 


(5) yt — Lay yt Daag sy" 2 — 2 2 + = 0. 


As illustrated in the examples below, it is quite easy to form this equation 
(5) for values of m which are the successive powers of 2. After obtaining 
the equation in which m is sufficiently large, we divide each coefficient 
by the preceding coefficient and obtain approximate values of the nega- 
tives of 2”, 12, . . . . Indeed, the coefficients are approximately 


ip. — dees yay", HAO ROME cs 


Examete 1. For 23+ 22 -—22—1=0, we first form the cubic equation, 
whose roots are the squares of the roots 2, 22, v3 of the given equation. To this 
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end, we transpose the terms x?, —1, of even degree, square, replace x? by y, and get* 
POY A OY =k i, 
whose roots are = x17, Yo = X27, y3 = x3". Repeating the operation, we get 
 g=132+262—b=0, ¥—117 #4 600 —1 = 0 
with the roots 4. = yi, ..., and», = 22, .... Hence the roots of the v-cubic 
are the 8th powers of 2, 22, 43. By logarithms, the 8th roots of 117, $2, 45 (the 


approximate values of x15, 22°, x38) are 1.813, 1.239, 0.4450, which are therefore 
approximate numerical values of 2, v2, x3. The next step gives the equation 


w® — 12389 w? + 422266 w — 1 = 0. 


The 16th roots of 12389, etc., are —1.80225, 1.24676, —0.44504, to which the proper 
signs have now been prefixed (their product being positive and sum being —1). 

Instead of repeating the process, we may now obtain as follows the values of the 
roots correct to five decimal places. We had the logarithms of the last approxi- 
mations to the roots and hence see at once that (x3/x2)!* affects only the Sth decimal 
place and that (73/2:)'*is still smaller. The coefficient of w is Za;'*x.!*, whose 
expression (4) involves only the first three terms. Hence 


21%y16 = 422266, 


correct to 7 decimal places. The reciprocal is 23!*®, whence x3 = —0.44504 to 
5 decimal places. By the approximate values of 2 and 22 from the w-cubic, 
(x2/a)!® = 0.002751. Thus 


1.002751 x36 = 12389 = Zax", 


whence 2; = —1.80194 to 5 decimal places. By the displayed equations, 


_ 422266 x 1.002751 
a 12389 : 


aqi6 


X2 = 1.24698. 


We have now found each root correct to five decimal places. As a check, note 
that the roots are (Ch. VIII, § 3, § 8) 


2a 
200s, 2cos 2 cos 
4 


The above process requires modification if several of the largest roots 
g 
are equal or approximately equal numerically. If 2; and 2x are approxi- 
mately equal, but sufficiently different from x3, . .., %,, numerically, an 
approximate value of a" is 7 Day". 
Next, consider a cubic equation with two conjugate imaginary roots 
d mal = oS 


9 


* We may use symmetric functions: Dy, = Dx. = (2x)* — 2 Daz. = 5, ete. 


| 
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%2 and x3, whose modulus (Ch. II, § 8) is 7, and a real root a, numeri- 
cally greater than r. Then the real number 

ma 4 ta 

TAS SI 


is numerically less than or equal to the sum 
2 (ms ay 
ee Da 
of the moduli of its two parts, and hence approaches zero as m increases. 
Thus, by (3), an approximate value of x” is Day". 


Exampte 2. Fora?—22—2=0, m>1.7, ats=r?=2/x. Since 2 < (1.7), 

r <1.7 <a. Forming the equation whose roots are the squares of the roots of 
the w-cubic, that whose roots are the fourth powers, etc., we get 

y—4y+4y— 4=0, 

2— 8&2? — 16z—16=0, 

v3 — 96 0? — 256 = 0. 
Thus 2; is approximately 

V96 = 1.7692 .... 
By two more steps, we get 
1 = 85032960 = 1.769293, 


correct to six decimal places. 


For a cubic equation in which 2; <r, we employ the equation in X 
obtained by setting « = 1/X. Its root.1/a; exceeds numerically the mod- 
ulus 1/r of the imaginary roots i/x, 1/a;. Hence the equation in X is of 
the type last discussed. 


EXERCISES + 


1. The equation whose roots are the 8th powers of the roots a, %, 23 of 
e—42—-r+3=0is 
w* — 74474 w? + 46213 w — 6561 = 0. 


Dividing the negative of each coefficient by the preceding coefficient and extracting 
the 8th root of each quotient, we get 4.06443, 0.94, 0.78. The first is a good 
approximation to a. The last two are approximately equal and hence not good 
approximations to —22, 23. To avoid this inconvenience, add unity to each root 
(i.e., replace x by X — 1). Treat the equation in X and so obtain good approxi- 
mations tO 21, V2, Xs. 
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Treat by the present methods ; 

2. 8 —224—5 =0. 3. 28 —227-2=0. 4, 82+427°-—7=0. 

5. © -+- 22+ 20 = 0. 

For further details on the determination of imaginary roots by this method, 
see Encke, Crelle’s Journal, vol. 22 (1841), p. 193, and examples by G. Bauer, 
Vorlesungen iiber Algebra, 1903, p. 244; and C. Runge, Praxis der Gleichungen, 
1900, p. 157. 


9.¢ To determine the imaginary roots of an equation f(z) = 0 with 
real coefficients, expand f(x + yi) by Taylor’s Theorem; we get 


f(@) + $'(2) yi — 9") #9") E+ ee tit 


~~ 
Since x and y are to be real, and y ¥ 0, 
uw y? eet y* 
f(z) —f ea ee ae 0 
(6) 
H@) — fF" @) a3 = oc 1° (x) ¢ Pe =o 


By eliminating y’? between these two equations, we obtain an equation 
E(x) = 0, whose real roots « may be found by one of the preceding 
methods. In general the next to the final step of the elimination gives 
y’? as a rational function of x, so that each real x which yields a positive 
real value of y? furnishes a pair of imaginary roots x + yi of f(z) = 0. But 
if there are several pairs of imaginary roots with the same real part 2, the 
equation in y? used in the final step of the elimination will be of degree 
greater than unity in y’. 


Exampie. For f(z) =2—2z+1, nee (6) are 


et—ae+l— 62% + 44 = 0, S$—1—47y = 
Thus 
Chet ae ec 
si 4x’ , } Aston > 


The cubic equation in x has the single real root 
x? = 0.528727, 2 = +0.72714. 
Then y? = 0.87254 or 0.184912, and 
z2=a2+y? = 0.72714 + 0.480017, — 0.72714 + 0.93409 7. 
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EXERCISES} 


1. For the quartic equation in Ch. V, § 1, eliminate y? between equations X = 0, 
Y = 0, corresponding to the present pair (6), and get 


x(x — 2)(16 xt — 64234 1362? — 14424 65) = 0. 


Show that the last factor has no real root by setting 2 = w + 2 and obtaining 
(w? + 1)(w? + 9) = 0. Hence find the four sets of real values x, y and hence the 
four complex roots x + yi. 

2. Ifrand sare any two roots of f(z) = 0 and we set 


r+s P= 8 

Sart hs sore 
we have r=2+ yi, s=x—yi, so that f@+yi) =0. Hence E(x) = 0 has 
as its roots the } n(n — 1) half-sums of the roots of f(z) = 0 in pairs. If, however, 


we eliminate x between equations (6) and set —4 y? = w, we obtain an equation 
in w whose roots are the } n(n — 1) squares of the differences of the roots of f(z) = 0. 


10}. Lagrange’s Method. The root between 1 and 2 of 
e+422—-7=0 
may be expressed as a continied fraction. Set *=1-+1/y. Then* 
—2y+11y+7y+1=0. 
Since —2 y? + 11 y? must be negative, we have y > 5. We find by trial 
that y lies between 6 and 7. Set y = 6+ 1/z. 


ST Al 7 1(6 
oper 6e b 
=9 atl 1 7 
S17 2 278 
elmer in Tr 
~12 
=o S08 
re er Kay 77 — 2522 = 0. 
z @ Zz 


Since 722 — 7722 >0,2> 11. The value of z lies between 11 and 12. 


Now ; 
nit tye itt} 
6+- 
z 
* We may of course first set = 1 + d, find the cubic equation in d by our earlier 
method, and then replace d by 1/y. 
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Using z = 11, we find that z is just smaller than 1.1642. But z is in fact 
just greater than 11.3. Using z = 11.3, we find that 


80.1 
t= 63 = 1.1642 +. 
Hence x = 1.1642 to four decimal places. 

There is a rapid method of evaluating a continued fraction and a means 
of finding the limits of the error made in stopping the development at a 
given place. For an extensive account of the theory and applications of 
continued fractions, see Serret’s Cours d’Algébre Supérieure, ed. 4, I, 
pp. 7-85, 351-368. 
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CHAPTER XI 
DETERMINANTS; SysTEMs oF LINEAR EQUATIONS 


1. In case there is a pair of numbers zx and y for which 
(1) ax + by =k, 
aa + bey = ke, 


they may be found as follows. Multiply the members of the first equa- 
tion by 6: and those of the second equation by —bi, and add the resulting 
equations. We get 

(abe — Ab 1)x = kbs as kody. 


Employing the respective multipliers —az and a, we get 
(abe = aobi)y = ark = ak. 


The common multiplier of x and y is 


(2) ayb, — dab, 


which is called a determinant of the second order and denoted by the 
symbol * 


(2’) 


The value of the symbol is obtained by cross-multiplication and substrac- 
tion. Our earlier results now give 


ky by 
8) az be ky be 
We shall call k; and k, the known terms of our equations (1). Hence, 
if D is the determinant of the coefficients of the unknowns, the product of D by 
any one of the unknowns equals the determinant obtained from D by substi- 
tuting the known terms in place of the coefficients of that unknown. 

* The symbol for an expression should show explicitly all of the quantities upon 
whose values the value of the expression depends. Here these are a, bi, a2, b2. The 
advantage of writing these in the symbol (2’) in the order in which they occur in the 
equations is that the symbol may be written down without an effort of memory by a 
mere inspection of the given equations. 


ay by 


az be 


ay by ay by ay ky 


(0) by Ag ke ; 
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Exampie. For 2% —3y = —4, 6x —2y=2, we have 


2 -3. —4 -3 
r= ’ 14z = 14, z=1, 
6 —2 2-2 
pias a =2 
Y= 6 2 ? ie 
EXERCISES 
Solve by determinants the systems of equations 
1. 8a—y = 34, 2. 84+4y = 10, 3. ax + by = a’, 
z+ 8y = 53. 4a+y =9. br — ay = ab. 


4, Verify that, if the determinant (2) is not zero, the values of x and y deter- 
mined by division from (8) satisfy equations (1). 


2. Consider a system of three linear equations 


aye + by + az = ki, 
(4) agx + boy + oz = ke, 
asx + bsy + caz = ks. 


Multiply the members of the first, second and third equations by * 

(5) boc3 — bsCo, bsC1 = bis, bic. = bec, 

respectively and add the resulting equations. We obtain an equation 
in which the coefficients of y and z are found to be zero, while the coeffi- 
cient of x is 

(6) aybecs — ayb3c2 + aebsc, — agbiC3 + agbic. — asbocy. 


Such an expression is called a determinant of the third order and denoted 
by the symbol 


ay by C1 
(6’) az by C2 
a3 b3 C3 

The nine numbers a, ... , ¢3 are called the elements of the determi- 


nant. In the symbol these elements lie in three (horizontal) rows, and 
also in three (vertical) columns. Thus ds, be, c. are the elements of the 
second row, while the three c’s are the elements of the third column. 


* A simple rule for finding these multipliers is given in § 3. 
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The equation (free of y and z), obtained above, is 


a by ky bi cy 
dz be Ce v= Ke be Ce |, 
a3 b3 C3 kz bs Cs 


since the constant member was the sum of the products of the expres- 
sions (5) by ki, ke, ks, and hence may be derived from (6) by replacing 
the a’s by the k’s. Thus the theorem of §1 holds here as regards the 
value of x. 

3. Minors. The determinant of the second order obtained by eras- 
ing (or covering up) the row and column crossing at a given element of a 
determinant of the third order is called the minor of that element. For 
example, in the determinant D given by (6’), the minors of a1, dz, a3 are 
be C2 bi C1 
bs C3 bz Ce 
respectively. The multipliers (5) are therefore A1, —A2, A3. Hence the 
first results obtained in § 2 may be stated as follows: 


by Ci 


Ay= 27a A, = ? As = 


? 


b3 C3 


(7) D = aAi — arAe Se asAz, 
(8) biA; — beAs + b3A3 = 0, C1A1 — GAs + c3A3 = 0. 
The minors of bi, be, b3 in this determinant D are ~ 
By, = aec3 — AzC2, By = ayc3 — AsCi, Bs = ayCz — AoC}. 


Multiply the members of the equations (4) by —B,, Bz, — Bs, respectively, 
and add. In the resulting equation, the coefficients of x and z are seen to 


equal zero: 


(9) —a,B, + a2Bz — a3B3 = 0, —B, + &B, — 3B; = 0, 
while the coefficient of y is seen to equal the expression (6): 
(10) D = —b,B, + b2Be — 63B3. 


Hence the theorem of § 1 holds here for the variable y. 
The reader should also verify that, if he uses the multipliers C1, —C2, C3, 
where C; is the minor of c¢; in D, he obtains an equation in which the co- 


efficients of x and y are zero: 


(11) aC; — aCz + a3Cz = 0, biCy — beC'2 + b3C3 = 0, 
while the coefficient of z equals the expression (6): 
(12) D = Cy — @C2 + Cs, 


and then conclude that the theorem of § 1 is true as regards z. 
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4. Expansion According to the Elements of a Column. Relations (7), 
(10), (12) are expressed in words by saying that a determinant of the third 
order may be expanded according to the elements of any column. To obtain 
the expansion, we multiply each element of the column by the minor of 
the element, prefix the proper sign to the products, and add the signed 
products. The signs are alternately + and —, as in the diagram. 


os er ete 

5. Two Columns Alike. A determinant * is zero if any two of its 
columns are alike. 

This is evident for a determinant of the second order: 
L°¢ 
dd 
To prove it for a determinant of the third order, we have only to expand 
it according to the elements of the column not one of the like columns 
and to note that each minor is zero, being a determinant of the second 
order with two columns alike. 


= C—O ==), 


EXERCISES 


Solve by determinants the systems of equations (expanding a determinant having 
two zeros in a column according to the elements of that column): 


ee Uist ey ae = LL; 2,.¢@+ y+ 2=0, 
Bigcms Oyen, drei; a+2y+32=-1, 
s8ea+4y+22=0. zc+3y+62=0. 


3. Noting that A, Ao, As; of §3 do not involve a, a2, a3, we may obtain the 
first expression (8) from (7) by replacing each a; by b;, and the second expression (8) 
from (7) by replacing each a; by c;. Hence (8) are the expansions of 


by by Cy Cy by Cy 
bo bo C2 = 0, Co be C2 = 0 
bs bs 3 C3, bs 3 


according to the elements of the first column. 
4. Prove similarly that (9) and (11) follow from § 5. 


* Here and in §§ 6-11 we understand by a determinant one of the second or third 
order. After determinants of higher orders have been defined, it will be shown that 
these theorems are true of determinants of any order. 


— = 


ee ee NE eee 


SA ete 1 
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6. Theorem. A determinant having a+, a2 + q@, ... as the ele- 
ments of a column equals the sum of the determinant having ai, a, . . . as 
the elements of the corresponding column and the determinant having q, q, 

. as the elements of that column, while the elements of the remaining 
columns of each determinant are the same as in the given determinant. 

For determinants of the second order, there are only two cases: 


at+n by = ay n+] 2 by 
a2 + q2 by az be q2 be ‘ 
ieohe a Nia ge 
be a2 + qe bz ae be q2 ; 


For determinants of the third order, one of the three cases is 


G+ bi G4 ay by nN by C1 
de + qo be C2 | =| de be C2 | +) ge be & |. 
a3 + 43 bs C3 a3 bs Cs OB} bs C3 


To prove the theorem we have only to expand the three determinants 
according to the elements of the column in question (the first column in 
the first and third illustrations, the second column in the second illustra- 
tion) and note that the minors are the same for all three determinants. 
Hence a; + q% is multiplied by the same minor that a, and q are multi- 
plied by separately, and similarly for a, + q, etc. 


7. Removal of Factors. A common factor of all of the elements of the 
same column of a determinant may be divided out of the elements and placed 
as a factor before the new determinant. 

In other words, if all of the elements of a column are divided by n, the 
value of the determinant is divided by n. For example, 


ad, nb, Qi bi GY 

nay by ay by 
= : dy Nb co | = | az be Ce 

naz bs dy be 
| Az nbz C3 3 bs C3 


Proof is made by expanding the determinants according to the elements 
of the column in question. 
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8. Theorem. A determinant is not changed in value if we add to the 
elements of any column the products of the corresponding elements of another 
column by the same number. 


For example, a, + nb; by a, by 
dz + nbz bs | | de be |’ 
as follows from the first relation in §6. Similarly, by the third, 
a+ nb; br a, bi Gy | by bi G1 
dz + nbe be Co | =| de be @ | tn be bz & ; 
az + nbs bs C3 az bs Cs | bs bz C3 


in which the last determinant is zero by § 5. 
In general, let ai, dz, . . . be the elements to which we add the products 


of the elements bi, bo, . . . byn. Weapply § 6 with qi = nb, ge =nbo,.... 
Thus the modified determinant equals the sum of the initial determinant 
and a determinant having by, be, . . . in one column and nby, nbe, . . . in 


another column. But the latter determinant equals ($7) the product 
of n by a determinant with two columns alike and hence is zero (§ 5). 


ExampLe. Multiplying the elements of the last column by 2 and adding the 
products to the elements of the second column, we get 


Baer 128 tet (ant eae 
oi a el ese a oe 
Ne te uae alia 210 3 


For the next step, we have multiplied the elements of the third column by —1 
and added the products to the elements of the first column. Expanding the third 
determinant according to the elements of the third column, we note that two of 
the minors are zero (having a row of zeros), and hence obtain the determinant of 
the second order written above. The last step is simplified by use of § 10. 


9. Interchange of Rows and Columns. A determinant is not altered 
uf in its symbol we take as the elements of the first, second, . . . rows the 
elements (in the same order) which formerly appeared in the first, second, .. . 
columns: 


a by ree 

| Qo bo . | by bo 1" 

ai by | Gi de Gs | 
D=! a bb @ | = oe a 

a3 b3 C3 Cr Co C3 


>> & } 
Tate 
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The proof is evident by inspection for the case of determinants of the 
second order. For those of the third order, we expand A and find that its 
six terms are those in the expansion (6) of D. 


10. Expansion According to the Elements of a Row. To prove that 
determinant D, given by (6’), may be expanded according to the elements of 
any row (say the second *): ; 


D = —aA2 + boB, — C2C2, 
with the same rule of signs as in § 4, we note that (§ 9) 


by bs 
C1 C3 


ay, Ag 
IDS he — Ag 


CQ, Ce 


since A can be expanded according to the elements of its second column. 
After interchanging the rows and columns in these three determinants of 
the second order, we have the minors A», Bs, C2 of ae, be, c in D. 


Exampie. The third determinant in the Example of § 8 is best evaluated by 
expanding it according to the elements of its first row, since two of its elements are 
zero. Indeed, we obtain +1 multiplied by its minor. 


11. Theorem. A determinant is not changed in value if we add to the 
elements of any row the products of the corresponding elements of another 
row by the same number. 

We shall show that D, given by (6’), equals 


ay by Cy 
D'= (Op) + Nay bs + nb, Co + nc}. 
az bs C3 


Now D = A, where A is given in $9. By $8, 
| dy Gg +na as 
A =| bi be+nbi bs 
Gq Gent C3 
Interchanging the rows and columns of A, we get D’. Hence 
D=A = D. 


* While for concreteness we have here (and in § 11) treated but one of several cases, 
the proof is such that it applies to all the cases. 
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EXERCISES 


1. Evaluate the numerical determinant in § 8 by removing the factor 2 from 
the second column and then getting a determinant with two zeros in the second 
row. 

Solve the systems of equations (by removing, if possible, integral factors from a 
column and reducing each determinant to one with two zeros in a row before 
expanding it): 


2.2—-2y+ 2=12, 3. 82 —2y =7, 
r+2y+32= 48, 3y —22=6, 
6a+4y4+32= &. 82—2¢2=-1. 
Factor a single determinant, and solve 
4, £+ y+ z2=1, 5. ax by + e—k, 
ac+ by+ cz =k, ax + by 4- c72 = kh, 
aa + by + cz = k?. atx + by + ctz = KA. 


6. Obtain in its simplest form the value of x from 
TB Se Mae ESC) => Sp 
x+ay+ 2= -2, 
e+ y+az= —2. 
7. Deduce the case n = 2 of § 7 at once from § 6, by taking gq; = a;. 
8. Give the proof in § 10 when the third row is used. 
9. Give the proof in § 11 for a new case. 
10. A determinant of the third order is zero if two rows are alike. 
11. Hence prove that D’ = D in § 11 by expanding D’ according to the elements 
of its second row. 
12. Prove the theorem about rows corresponding to that in § 6. 
13. From Ex. 12 deduce Ex. 11. 


12. Definition of a Determinant of Order m. In the six terms of the 
expression (6), which was defined to be the general determinant of order 3, 
the letters a, b, c were always written in this sequence, while the sub- 
scripts are the six possible arrangements of the numbers 1, 2,3. The first 
term abc; shall be called the diagonal term,* since it is the product of the 
elements in the main diagonal running from the upper left hand corner to 
the lower right hand corner of the symbol for the determinant. The 
subscripts in the term —ajbsc, are derived from those of the diagonal 
term by interchanging 2 and 8, and the minus sign is to be associated 
with the fact that an odd number (here one) of interchanges of subscripts 
were used. To obtain the arrangement 2, 3, 1 of the subscripts in the 


* Sometimes called the leading term. 


FPO = Te ee 
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term ++a2b3c; from the natural order 1, 2, 3 (in the diagonal term), we 
may first interchange 1 and 2, obtaining 2, 1,3 and then interchange 
1 and 3; an even number (two) of interchanges of subscripts were used 
and the sign of the term is plus. 


EXERCISES 


1. Show that a like result holds for the last three terms of (6). 
2. Discuss similarly the two terms of a determinant of order 2. 


While the arrangement 1, 3, 2 was obtained from 1, 2, 3 by one inter- 
change (2, 3), we may obtain it by applying in succession the three inter- 
changes' (1, 2), (1, 3), (1, 2), and in many new ways. To show that the 
number of interchanges which will produce the final arrangement 1, 3, 2 
is odd in every case, note that any interchange (the possible ones being 
the three just listed) changes the sign of the product 


P = (x — 22)(%1 — %)(2'— 22), 


where the z’s are arbitrary variables. Thus a succession of k interchanges 
yields P or —P according as k is even or odd. Starting with the arrange- 
ment 1, 2, 3 and applying k successive interchanges, suppose that we 
obtain the final arrangement 1, 3, 2. But if in P we replace the subscripts 
1, 2, 3 by 1, 3, 2, respectively, 2.e., if we interchange 2 and 3, we obtain 
—P. Hence k is odd. 

Consider the corresponding question for n variables. Form the prod- 
uct of all of the differences x; — x; (ti < j) of the variables: 


P= (iy — m2) (ar — a). t - (1 — 2) 
+ (%2 — 43). . . (Le — In) 
(Xo = Bp). 
Interchange any two subscripts 7 andj. The factors which involve neither | 
¢ nor j are unaltered. The factor +(x; — z;) involving both is changed 
in sign. The remaining factors may be paired to form the products 
+(x; — 2%) (x; — &) (hamden GN hed, hee), 


Such a product is unaltered. Hence P is changed in sign. 

Suppose that an arrangement t, 2, ...-, % can be obtained from 
1,2, ...,n by using a successive interchanges and also by 6 successive 
interchanges. Make these interchanges on the subscripts in P; the 
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resulting functions equal (—1)*P and (—1)*P, respectively. But the 
resulting functions are identical since either can be obtained at one step 
from P by replacing the subscript 1 by 71, 2 by %, ...,n by 7i,. Hence 


(—1)*P = (-1)P, 


so that a and 6} are both even or both odd. 
We define a determinant of order 4 to be 


ay by Cy d, 

(13) | 2 Ba Ce de | _ y+ ab,C.d1, 
a3 bs C3 ds (24) 
a4 bs C4 d, 


where g, 7", s, ¢ is any one of the 24 arrangements of 1, 2, 3, 4, and the 
sign of the corresponding term is + or — according as an even or odd 
number of interchanges are needed to derive this arrangement gq, r, s, t 
from 1, 2, 3, 4. Although different numbers of interchanges will produce 
the same arrangement q, 7, s, t from 1, 2, 3, 4, these numbers are all even 
or all odd, as just proved, so that the sign is fully determined. 

We have seen that the analogous definitions of determinants of orders 
2 and 3 lead to our earlier expressions (2) and (6). 

We will have no difficulty in extending the definition to a determinant 
of general order as soon as we decide upon a proper notation for the n? 


elements. The subscripts 1, 2, . . . , may be used as before to specify 
the rows. But the alphabet does not contain n letters with which to 
specify the columns. The use of e’, e”’, . . . , e™ for this purpose would 


conflict with the notation for derivatives and besides be very awkward 
when exponents are used. It is customary in mathematical journals and 
scientific books (a custom not always followed in introductory text books, 
to the distinct disadvantage of the reader) to denote the n letters used to 
distinguish the n columns by é1, é,... , rn (or some other letter with 
the same subscripts) and to prefix (but see $13) such a subscript by 
the subscript indicating the row. The symbol for the determinant is 


therefore 
€11 @12 . « s Gin 


(14) Aegis Th: 
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By definition * this shall mean the sum of the n! terms 
(14") Cat)  Oriene 3. ie Cc 


in which 2%, %2,... , 7, is an arrangement of 1, 2, ... , n, derived from 
1, 2,..., n by 7 interchanges. For example, if we take n = 4 and 
write a;, bj, c;, d; for e;1, ej2, €j3, €;4, the symbol (14) becomes (13) and the 
general term (14’) becomes (— 1)‘ a, b;, ¢;, d;,, the general term of the second 
member of (13). 


EXERCISES 


1. Give the six terms involving a in the determinant (13). 

2. What are the signs of dsbscodies, asbscsdee1 In a determinant of order five? 

3. The arrangement 4, 1, 3, 2 may be obtained from 1, 2, 3, 4 by use of the two | 
successive interchanges (1, 4), (1, 2), and also by use of the four successive inter- 
changes (1, 4), (1, 3), (1, 2), (2, 3). 

4. Write out the six terms of (14) for n = 3, rearrange the factors of each term 
so that the new first subscripts shall be in the order 1, 2, 3, and verify that the 
resulting six terms are those of the expansion of D’ in § 13 for n = 3. 


13. Interchange of Rows and Columns. Determinant (14) equals 


€11 €21 ». - - Eni 
ig @jo Conn . . « Ene 
Cin C2n + - + Onn 


Without altering (14’), we may rearrange its factors so that the first 


subscripts shall appear in the order 1, 2,. . . , n, and get 
(—1)* e14,€2% ote CHE 


. 
n 


Since this can be done by 7 interchanges of the letters e (corresponding to 


the 7 interchanges by which the first subscripts u1,.. . , tn were derived 
froml1,... , ”), the new second subscripts k,... , k, are derived from 
the old second subscripts 1, ..., » by 7 interchanges. The resulting 


signed product is therefore a term of D’. Hence D = D’. 


* We may define a determinant of order n by mathematical induction from n — 1 
to n, using the first equation in §17. The next step would be to prove that the present 
definition holds as a theorem.’ 
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14. Interchange of Two Columns. A determinant is changed in sign 
by the interchange of any two of its columns. 

Let A be the determinant derived from (14) by the interchange of the 
rth and sth columns. The expansion of A is therefore obtained from 
that of D by interchanging r and s in the series of second subscripts of 
each term (14’) of D. Interchange the rth and sth letters e to restore 
the second subscripts to their natural order. Since the first subscripts 
have undergone an interchange, the negative of any term of A is a term 
of D, and A = —D. 


15. Interchange of Two Rows. A determinant D is changed in sign 
by the interchange of any two rows. 

Let A be the determinant obtained from D by interchanging the rth 
and sth rows. By interchanging the rows and columns in D and in A, we 
get two determinants D’ and A’, either of which may be derived from the 
other by the interchange of the rth and sth columns. Hence, by §§ 13, 14, 


A = A’= —D’'= —D. 


16. Two Rows or Two Columns Alike. A determinant is zero if any 
two of its rows or any two of its columns are alike. 

For, by the interchange of the two like rows or two like columns, the 
determinant is evidently unaltered, and yet must change in sign by §§ 14, 
15. Hence D = —D, D=0. 


17. Expansion. <A determinant can be expanded according to the ele- 
ments of any row or any column. 

Let H;; be the minor of e;; in D, given by (14). Thus-#;; is the deter- 
minant of order n — 1 obtained by erasing the 7th row and the jth column 
(crossing at e;;). We first prove that 


D = enfy —eeHer + esiHs,s — + + + + (—1)" nr Eni, 


so that D can be expanded according to the elements of its first column. 
The terms of D with the factor ey are of the form 


(—1)*ene:,2 se + Cin) 
where 2%, . . . , 7, iS an arrangement of 2, . . . , derived from the latter 


by 7 interchanges. Removing from each term the factor en, and adding 
the quotients, we obtain the (mn — 1)! properly signed terms of 2. 


——— 
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Let A be the determinant obtained from D by interchanging the first 
and second rows. As just proved, the total coefficient of ¢; in A is the 
minor 


Cine Cigm et ertst C1 yy 
30, “3g. + ss C3n 
€n2 Ons - + + Enn 


of é: in A. Now this minor is identical with Hy. But A = —D (§ 15). 
Hence the total coefficient of e: in D equals — EF. 

Similarly, the coefficient of es: is Hs1, etc. 

To obtain the expansion of D according to the elements of its kth col- 
umn, where k > 1, we consider the determinant 6 derived from D by 
moving the kth column over the earlier columns until it becomes the new 
first column. 

Since this may be done by k — 1 interchanges of adjacent columns, 
6 = (—1)*"D. The minors of the elements ¢é1;, . . ., en,*in the first 
column of 6 are evidently the minors H,;,, . ... , En, of ein, . . . , ng in D. 
Hence, by the earlier result, 


(15) D= yy (—1)*+e Fj, (k — ik, i oth cc | n). 
j=1 


r) 


Applying this result to the equal determinant D’ of § 13, and changing 
the summation index from 7 to k, we get 


(16) D= > (-1)en By G=1,..'.,m). 
k=1 


This gives the expansion of D according to the elements of the jth row. 
One decided advantage of the double subscript notation is the resulting 
simplicity of the last two expansions. Of course the sign may also be 
found by counting spaces as in § 4. 


18. The theorems in §§ 6-8, 11 now follow for determinants of order n. 
Indeed, the proofs were so worded that they now apply, since the auxiliary 
theorems used have been extended (§§ 13, 16, 17) to determinants of 
order n. 
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EXERCISES 

1. Prove the theorem of § 15 by the direct method of § 14. 

2. b+e c+ta a+b é &e 
bta ata ath |=2)/a & a |. 
bo+ C2 C2+d2 d2+ be | de be Ce 

‘By reducing to a determinant of order 3, etc., prove that 

3. 2-1 3 -2 7 he Be i BL Sk | 

ie ere oak al 13. ook 
i Se dans as i $76.10) ¢ 
4-38 2-1 1 4 10 20 | 
5. bc a 
ee Ue eae 


= abcd(a — b)(a — c)(a — d)(b — c)(b — d)(c — a). 


at bt ct dt 
6. ae+bg af+bh ao) le Ff 
= | + . [use § 6]. 
ce+dg cftdh © @) tech 
G@ Mer + diez + eres afi tbifeteafs agi + dige + cigs 


axe, + bree + c2€3  A2fi + defo + cofs agi + bage + crags 
ase: + bse2 + c3e3  Asfi + dbsfo + esfs asgi + bsg2 + csgs 


ORT by Cy ey fi Ji 
=| d2 be Co |\+| & f 2 g2 
az b3 ¢3 63 fs Js 


Write out only the 6 of the 27 determinants (§ 6) which are not necessarily zero. 

8. Hence verify that the product of two determinants of the same order (2 or 3) 
is a determinant of like order in which the element of the rth row and cth column 
is the sum of the products of the elements of the rth row of the first determinant 
by the corresponding elements of the cth column of the second. 

9. Express (a? + b? + c? + d*)(e? + f? + g? + A?) as a sum of 4 squares by 
writing 

ath ctd 
—ctd a-—bi 


| e+ fi gthi 
—gth e—fi 


as a determinant of order 2 similar to each factor. 
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10. If s; = at + pt + y', 


a il 1 i a a 3 Si S82 
ae ae We 1 B (5 =| Si Se S3 
ane iy Loy. 4 Se S384 


11. Using the Factor Theorem and the diagonal term, prove Ex. 5 and 


1 if 1 

Ty Xe Boon CH n n(n—1) 
x1" x a tana Ose = | I (EA a x;) — 1) 2 be 
° ° ey t,j=1 

alah, | | nl tJ 


where P is given in § 12. 
12. With the notations of § 3, and using (7)-(12), prove that 


A, —A, As Gr to a iby  C 
— By, By — Bs *| Qe by C2 | = 0 1d) 0 
Cy —# Ce C3 a3 b3 C3 0 0D 


Hence the first determinant equals D?, 
19. Complementary Minors. The determinant D of order 4 in (13) 
is said to have the two-rowed complementary minors 


Co de 
C4 ds 


ay by , 
M — 5 a ? 


3 bs; 


since either is obtained by erasing from D all the rows and columns having 
an element occurring in the other. Similarly, any r-rowed minor of a 
determinant of order n has a definite complementary (n — r)-rowed 
minor. In particular, any element is regarded as a one-rowed minor 
and is complementary to its minor. 


20. Laplace’s Development. Any determinant D equals the sum of 
all the products + MM’, where M is an r-rowed minor having its elements 
in the first r columns of D, and M’ is the minor complementary to M, while 
the sign is + or — according as an even or odd number of interchanges of 
rows of D will bring M into the position occupied by the minor M, whose 
elements lie in the first r rows and first r columns of D. 
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For r = 1, this development becomes the known expansion of D according to 
the elements of the first column (§ 17); here M; = en. 
ie 2 & and D is the determinant (13) of order 4, 


ine aA by C3 ds a by C2 de rs a by C2 dy 

i dz be (on AGH a3 63 COs a4 bs C3 d3 
az a2 be Gq dy _ | & be a dh 4 a3 03 C. dy | 

a3 bg cy 4 ay bs C3 ds as bs Co de 


The first term of the development is M,M;,’; the second term is — MM ’'(in the nota- 
* tions of § 19), and the sign is minus since the interchange of the second and third 
rows of D brings this M into the position of M;. The sign of the third term of the 
development is plus since two interchanges of rows of D bring the first factor 
into the position of M,. 


If D is the determinant (14), then 


Gur - - - Ctr Crtirtl » + + Crtin 
—_ ers 
M, == . . . . ) My, == 
(Fal ooo re Cnr+l - + « Cnn 


Any term of the product MM)’ is of the type 
(—1)*ei4 Cig - » » Cir? (—1)ies rit o ee Ciny 


where 21, ... , 2, is an arrangement of 1, . . . , r derived from 1, .-..,r 
by 7 interchanges, while 7,41, . . . , %, is an arrangement of r+1,...,n 
derived by 7 interchanges. Hence %, ... , i, is an arrangement of 
1,..., m derived by 7 +7 interchanges, so that the above product is a 
term of D with the proper sign. 

It now follows from § 15 that any term of any of the products + MM’ 
of the theorem is a term of D. Clearly we do not obtain in this manner 
the same term of D twice. 

Conversely, any term ¢ of D occurs in one of the products + MM’. 
Indeed, ¢ contains as factors r elements from the first r columns of D, 
no two being in the same row, and the product of these is, except per- 
haps as to sign, a term of some minor M. Thus ¢ is a term of MM’ or 
of —MM’. In view of the earlier discussion, the sign of ¢ is that of the 
corresponding term in + MM’, where the latter sign is given by the 
theorem. 


i 


a4 
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21. There is a Laplace development of D in which the r-rowed minors 
M have their elements in the first r rows of D, instead of in the first r 
columns as in § 20. To prove this, we have only to apply § 20 to the equal 
determinant obtained by interchanging the rows and columns of D. 

There are more general (but less used) Laplace developments in which 
the r-rowed minors M have their elements in any chosen 7 columns (or 
rows) of D. It is simpler to apply the earlier developments to the de- 
terminant + D having the elements of the chosen r columns (or rows) 
in the new first r columns (or rows). 


EXERCISES 
Lot .4O eo 
Gein gs sh does oe 
Rem \e stlica 
001m 
Bon ae Oe) a 
ih Lee apap We a b c a ac b d ad 6 c¢ 
es aries ty ate a Hees 
efgh 


3. Check § 20 by showing that the total number of products of n elements is 
C,"+rl(n — r)! = n!, where C,” is the number of combinations of n things r at a 


time. 
For Laplace’s development of many special determinants, see Ch. XII. 


22. Product of Determinants. The important rule (Ex. 8, p. 140), 
for expressing the product of two determinants of order n as a determi- 
nant of order n is found and proved easily by means of Laplace’s develop- 
ment. For brevity we shall take n = 3, but the method is seen to apply 


for any n. We have 


Mh alla fr n a bs oo O 0 9 
a, be & | €2 fe hey el 1 0) 0 e1 fi fi 
ies Os 6x és fs Qs ‘ty eal 0 e@ fx ge 
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In the determinant of order 6, multiply the elements of the first column 
by é1, fi, g: in turn and add the products to the corresponding elements of 
the fourth, fifth and sixth columns, respectively (and hence introduce 
zeros in place of the present elements ¢1, fi, gi). Then multiply the ele- 
ments of the second column by é, fe, g2 in turn and add the products to 
the corresponding elements of the fourth, fifth and sixth columns, re- 
spectively. Finally, multiply the elements of the third column by es, fs, gs 
in turn and add as before. The new determinant is 


ay by C1 ayei1 +bie2+c1e3 af. 1 +bif: a+ Caf: 3 aigitbigetcgs 
Gz be Cy An@1 +224 C2€3 Aefitbefetefs degitbegetcags 
a3 bs C3  3€1+b3e2+C3e3 asf ar bsf: a Caf: 3 Q3gi+ bsg2 =# C393 


—1 0 90 0 0 0 
02-1570 0 0 0 
Ci Os 0 0 0 


By Laplace’s development (or by expansion according to the elements of 
the last row, etc.), this equals the 3-rowed minor whose elements are the 
long sums, and written in Ex. 7, p. 140. 


23. Systems of Linear Equations. In the n equations 
Ant + Art, + +++ + inkn = ki, 
(17) ATR ey ea Ty ee 
Gnit1 + Anat, + + > > + Onntn = kn, 
let D denote the determinant of the coefficients of the nm unknowns: 


COG TOADS Ry OATS | 


D= 


Oni Ong.» - Ann 


Let A,; be the minor of a;;in D. Multiply the members of the first equa- 
tion by Aun, those of the second equation by —An, . . . , those of the nth 
equation by (—1)""! Ani, and add. The coefficient of x; is the expansion 
of D according to the elements of its first column. The coefficient of 22 
is the expansion, according to the elements of the first column, of a deter- 
minant derived from D by replacing an by di, . . - , Gai by Ang, so that 
this determinant has the first two columns alike and hence is zero. In 
this manner, we find that 

(18) Dx = Ky, Dx2 —e Ka, ceeren, Dz, = Ex: 
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in which (see (8) of § 24) K; is derived from D by substituting ki, . . . rae 
for the elements a1;,. . . , @n; of the ith column of D. Another proof of 
(18) follows from 


: Qu%1 Gy... Ain Guero tt ata ein 
Da ade Metta teres. ose enh Sethe Sr eee ee Le aa = Kj. 
GQn1%1 Ong... Ann an Ci aes des oe Anntn «+ + Ann 


We have now extended to any n results proved for n = 2 and n = 3 
in §§ 1-3. 

If D #0, the unique values of 2, ... , 2, determined by division 
from (18) actually satisfy equations (17). For instance, the first equation 
is satisfied since 


ky ay (050) Qin 

ki Qi (650) Ain 
kD — anKky — aypKe-— +--+ > — QinKkn =| ke da Qo. . - - Aon |, 

Ke Ani An2 Ann 


as shown by expansion according to the elements of the first row; and 
the determinant is zero, having two rows alike. 


24. Rank of a Determinant. If a determinant D of order n is not 
zero, it is said to be of rank n. In general, if some r-rowed minor of D is 
not zero, while every (r+ 1)-rowed minor is zero, D is said to be of 
rank r. 


For example, a determinant D of order 3 is of rank 3 if D ¥ 0; of rank 2 if D = 0, 
but some ¢wo-rowed minor is not zero; it is of rank 1 if every two-rowed minor 
is zero, but some element is not zero. It is said to be of rank 0 if every element is 
zero. 

In the discussion of the three equations (4), five cases arise: 

(a) D of rank 8, 2.e.,D # 0. 

(8) D of rank 2 (i.e., D = 0, but some two-rowed minor ~ 0), and 


ky bh G1 m& kh G4 a bh hy 
Ky = ky bo C2 |, Ko =)! a ke C2 |, Kz =] de bs ke 
kg bs C3 a3 kg C3 a3 bs k3 


not all zero. 
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(vy) D of rank 2 and Ki, Ko, K; all zero. 
(8) D of rank 1 (i.e., every two-rowed minor = 0, but some element ¥ 0), and 


b; k; Ci k; 
b; k; Cj k; 


not all zero; there are nine such determinants K. 
(ce) D of rank 1, and all nine of the determinants K zero. 


In case (a) the equations have a single set of solutions (§ 23). _ In cases (8) and 
(6) there is no set of solutions. In case (y) one of the equations is a linear com- 
bination of the other two; for example, if a:b, — a2b: # 0, the first two equations 
determine x and y as linear functions of z (as shown by transposing the terms in z 
and solving the resulting equations for x and y), and the resulting values of x and 
y satisfy the third equation identically as to z. Finally, in case (e), two of the 
equations are obtained by multiplying the remaining one by constants. For 
(6) the proof follows from (18). For (y), (6), (e), the proof is given in § 25. 

The reader acquainted with the elements of solid analytic geometry will see 
that the planes represented by the three equations have the following relations: 

(a) The 3 planes intersect in a single point. 

(8) Two of the planes intersect in a line parallel to the third plane. 

(y) The 3 planes intersect in a common line. 

(5) The 3 planes are parallel and not all coincident. 

(ce) The 3 planes coincide. 


ik > 
7 (i, 7 chosen from 1, 2, 3) 


) 


a; k; 


25. Fundamental Theorem. Let the determinant D of the coefficients 
of the unknowns in equations (17) be of rank r,r <n. If the determinants 
K obtained from the (r + 1)-rowed minors of D by replacing the elements 
of any column by the corresponding known terms k; are not all zero, the equa- 
tions are inconsistent. But if these determinants K are all zero, the r equa- 
tions involving the elements of a non-vanishing r-rowed minor of D determine 
uniquely r of the variables as linear functions of the remaining n — r vari- 
ables, and the expressions for these r variables satisfy also the remaining 
n — 7 equations. 


For example, letr = 7—1. Then D =0 and the K’s are the Ky, ..., 
K, of §23. Hence, by (18), the equations are inconsistent unless 
Ki, ..., K, are all zero. This affords an illustration of the following 


Lemma 1. If every (7+ 1)-rowed minor M formed from certain 
r + 1 rows of D is zero, the corresponding r + 1 equations (17) are incon- 
sistent if there is a non-vanishing determinant AK formed from any M 
by replacing the elements of any column by the corresponding known 
terms k;. 


- 
‘4 
, 
- 
a 
- 
- 
— 
- 
: 
7 
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For concreteness,* let the rows in question be the first r + 1 and let 
arenes ai, ky 
K= . . . . . . . =2 0. 


Grats = « Grete br 


Let di, . .., dri be the minors of ki, ..., ku1in K. Multiply the 
first r+ 1 equations (17) by di, —d2, .. . , (—1)"d,41, respectively, and 
add. The right member of the resulting equation is + K. The coeffi- 
cient of 2, is 

Qi ...Mr As 

Se 

Grti1 + + - Artir Artis 

and is zero, being an M. Hence 0 = +K. 


Lemma 2. If all of the determinants M and K in Lemma 1 are zero, 
but an r-rowed minor of an WM is not zero, one of the corresponding r + 1 
equations is a linear combination of the remaining r equations. 

As before let the r + 1 rows in question be the first r+ 1. Let the 
non-vanishing r-rowed minor be 


Ohi oh. ote celia 


(19) dr41 a ra 0. 


Oates ae Ope 
Let the functions obtained by transposing the terms k; in (17) be 
Dip Oty He ae re Kj. 
By the multiplication made in the proof of Lemma 1, 
dL, — doling + ++ > + (—1)'d-y La = - K =0. 
Hence L,+1 is a linear combination of In, ..., L,. 


The first part of the fundamental theorem is true by Lemma 1. The 
second part is readily proved by means of Lemma 2. Let (19) be the 
non-vanishing r-rowed minor of D. For s >7, the sth equation is a 
linear combination of the first r equations, and hence is satisfied by any 
set of solutions of the latter. In the latter transpose the terms involving 


Lrtt) + + +) Xn» Since the determinant of the coefficients of 1, ..., a, 
is not zero, § 23 shows that m, ... , x, are uniquely determined linear 
functions of 241, . . - , Um (which enter from the new right members). 


* All other cases may be reduced to this one by rearranging the n equations and 
relabelling the unknowns (replacing x; by the new x, for example). 
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EXERCISES 


1. Write out the proof of the theorem in § 25 for the cases (y), (6), (e) in § 24. 
Discuss the following systems of equations: 


2. 2e+ y+32=1, 3. 22+ y+ 32=I1, 
4e-+-2y— z2= —3, 4¢+-2y— z2=83, 
2e+ y—4z2= —4. 2e+ y—42=4. 

4. x— 3y+ 42=1, 5. z«— 38y4+ 42=1, 
4x—12y+162=3, 4x—12y+ 162 =4, 
8x2— 9y+12z2=3. 38e2— 9y+122=83. 


6. Discuss the equations in Exs. 4 and 5, p. 134, when two or more of the num- 
bers a, 6, c, k are equal. 
7. Discuss the equations in Ex. 6, p. 1384, when a = —2. 


26. Homogeneous Linear Equations. Whenthe knowntermsh;,..., 
k, in (17) are all zero, the equations are called homogeneous. The determi- 
nants K are now all zero, so that the n homogeneous equations are never 
inconsistent. This is also evident from the fact that they have the set of 
solutions 21 = 0, ..., 2%, = 0. By (18), there is no further set of solu- 
tions if D #0. If D = 0, there are further sets of solutions: if D is of 
rank r, there occur n — r arbitrary parameters in the general set of solu- 
tions (§ 25). A particular case of this result is the much used theorem: 

A necessary and sufficient condition that n linear homogeneous equations 
inn unknowns shall have a set of solutions, other than the trivial one in which 
each unknown vs zero, is that the determinant of the coefficients be zero. 


27. The case of a system of fewer than n linear equations in n un- 
knowns may be treated by means of the Lemmas in § 25. 

In case we have a system of more than n linear equations in n unknowns, 
we may first discuss n of the equations. If these are inconsistent, the 
entire system is. If they are consistent, the general set S of solutions may 
be found and substituted into the remaining equations. There result 
conditions on the parameters occurring in S, and these linear conditions 
may be treated in the usual manner. Ultimately we get either the gen- 
eral set of solutions of the entire system of equations or find that they are 
inconsistent. To decide in advance which of these cases will arise we have 
only to find the maximum order r of a non-vanishing r-rowed determinant 
formed from the coefficients of the unknowns, taken in the regular order 


Ye Fe 


§ 28] DETERMINANTS 149 


in which they occur in the equations, and ascertain whether or not the 
(r + 1)-rowed determinants K, formed as in § 25, are all zero.* 


28. An important case is that of n non-homogeneous linear equations 
in n — 1 unknowns %,... , 2,1. By multiplying the known terms by 
<, = 1, we bring this case under that of n homogeneous linear equations 
in mn unknowns (§ 26). Then (18) gives Dr, = 0, D = 0, so that the given 
equations are inconsistent if D ~ 0. 

There is no set of solutions of the n equations 


uti + Gt —- - > > + O1n12,-1 = ky, boGavedtic Oa went 
Aniti+ An2X2 + ae Te + Qn n—-10ln-1 = Rs Ani» ++ An n-1 en 
EXERCISES 


Discuss the following systems of equations: 
let yt3sz=0, 2. 2%—-— yt 42=0, 3. w«— 8y+ 42=0, 


rt+2y+2z2=0, z+ 3y— 22=0, 4x —12y+16z2=0, 
ze+d5y— 2=0. z—ily+14z2=0. 382— 9y+122=0. 
4. 624+4y+32— 8w =0, 0. 22+ 3y— 42+ 5w=)0, 
z+2y+32—-—48w =0, se2+ 5y—- 2+ 2w=0, 
x—2y+ z-—12w=0, 7Te+ily— 924+12w=0, 
4Art+t4y— z2—24w=0. 82+ 4y—11z2+138w=0. 
6. 27+ y+32=1, 7 22— y+3z2=2, 
4Aat2Qy — 2=-3, zet+Vy+ z2=1, 
2e+ y—4z2= —4, 382+ 5y —52= —3, 
10%¢+5y—6z= —10. 4%—3y+2z2=1. 


8. Obtain a consistent system of equations from the system in Ex. 7 by replac- 


ing the term —3 by a new value. 
9. In three linear homogeneous equations in 2, y, 2, w, the latter are proportional 
to four determinants of order 3 formed from the coefficients. 


* For an abbreviated statement, the concepts matrix and its rank are needed. Cf. 
Bocher, Introduction to Higher Algebra, p. 46. 


CHAPTER: XII 
RESULTANTS AND DISCRIMINANTS 


1. Introduction. If the two equations 


az+b=0, cx+d=0 (a #0, c#0) 
are simultaneous, 2.e., if « has the same value in each, then 
Mee Aes aa Rk = ad — bc = 0, 
a é 


and conversely. Hence a necessary and sufficient condition that the 
equations have a common root is R= 0. We call R the resultant (or 
eliminant) of the two equations. 

The result of eliminating « between the two equations might equally 
well have been written in the form bec — ad =0. But the arbitrary 
selection of FR as the resultant, rather than the product of R by some 
constant as —1, is a matter of more importance than apparent at first 
sight. We seek a definite function of the coefficients a, b, c, d of the func- 
tions ax + b, ce + d, and not merely a property R = 0 or R ¥ 0 of the 
corresponding equations. Accordingly, we shall lay down the definition 
in § 2, which, as the reader may verify, leads to R in our present example. 

Methods of elimination which seem plausible often yield not R itself, 
but the product of R by an extraneous function of the coefficients. This 
point (illustrated in Ex. 3, p. 156) indicates that the subject demands a 
more careful treatment than is often given. 


We may even introduce an extraneous factor zero. Let a # 0, 
f(w)= 2 — 2at — 3 a’, g(x) = %— a. 


From f subtract («+ a)g. Multiply the remainder, —2a(a+ a), by x —3a 
and add the product to 2af. The sum is zero. But the resultant is —4 a (the 
value of f for = a) and isnot zero. As we used g only in the first step and there, 
in eflect, replaced it by 2? — a, we really found the resultant of the latter and f. 
The extraneous factor introduced (cf. Ex. 7, p. 152) is the resultant of «+a 
and f and this resultant is zero. 
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2. Resultant of Two Polynomials in a. Let 


(1) } f(x) = agx™ + aya"... + Om (ao ¥ 0) 
Ge) = bor bi ss bb, (bo # 0) 


‘be two polynomials of degrees m and n. Let ai,... , am be the roots of 


f(z) = 0. Now ai is a root of g(x) = 0 only when g(a:) =0. The two 
equations have a root in common if and only if the product 


g(a) g(x) . . . glam) 
is zero. This symmetric function of the roots of f(x) = 0 is of degree n 
in any one root and hence is expressible as a polynomial of degree n in the 
elementary symmetric functions (Chap. VII, §3), which equal —a;/ao, 
@2/d, .... To be rid of the denominators do, it suffices to multiply our 
polynomial by ao". We therefore define 


(2) R(F, g) = ao"g(or)g(a2) . . » glam) 
to be the resultant of f and g. It equals a rational integral function of 
QM, - +... 4, Am, bo, Seca lien 


EXERCISES 
1 If m= ill: n= 2, LAG. g) = boa? = bao + boat”. 
he If m= 2, n= iis RG; i= ao( boar + bi) (boa2 +- bi) = aod? = aybobi + abo’, 
since (oy + o2) =—h, Aaya = Mp. 
3. If fi, . . . , Bn are the roots of g(x) = 0, so that 
g(ai) = boa; — Bi) (ai —B2) . . » (ai — Bn), ° 
then 
R(f, g) = ao"bo™ (a1 — Bi) (a1 — Bo) . . « (a1 — Bn) 
ile al o (az aie id! . se = oo 


Bak a iy) ne Bo ne Mates at asl 
Multiplying together the differences in each es we see that 
R(f, 9) =(—1) bo f(G1) f(G2) » . « f(Bn)=(—-1)™ RG, f). 
4. li m=2,n=1, RG, f)= be a aoby? — aiboby + debe, which equals 
i, g) by Ex. 2. This illustrates the final result in Ex. 3. 
5. If m=n=2, R(f, g) = acrbiraras? + ap’bobraiar(a1 + az) 
+ ag2bobo(a? + a2) + ag?b Para + ae’bibe(a1 + a2) 4+ aod: 
= bp2ao2 — bobyaid2 + bobo(ai? — 2 aode) + baoa2 — bibeaoas + avrbe’. 


This equals R(g, f), since it is unaltered when the a’s and b’s are interchanged. 
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6. R is homogeneous and of degree n in d, . . . , Gm} homogeneous and of 
degree m in by, ..., bn. FR has the terms 
"0n™, (- DO nts 


7. R(f, 792) = RG, m) + RG, 92). 
8. R(f, 2") =(—1)""an”. 


3. Irreducibility of the Resultant of Two Polynomials in One Varia- 
ble.* The resultant of two polynomials f(x) and g(x) was seen (§ 2) to 
equal a polynomial r (ap, .. . , Gm, bo, . . . , bn) in the coefficients of f and g. 
Let these coefficients be regarded as independent variables. Then r is 
irreducible, i.e., is not equal to the product of two polynomials 7; and rz 
in a, . . . , b, with numerical coefficients, if neither 7; nor rz is a numerical 
constant.** Suppose that r= re. Since ris homogeneous in do, . . - , Gm, 
each factor r; is. Likewise, each r; is homogeneous in by, ..., Dn. Hence 


ay Gm 4, 01 LS eed Pati ee ay 
(1%, CoO 5 ‘do’ Ee BE 5 AS Ban(1, 2, ete ) n(1,%, : a ) 


Replace ai/ao, . . . , Gm/do by the corresponding symmetric functions of 
the roots ai, . . . , dm, also bi/bo, . . . , bn/bo by the corresponding sym- 
metric functions of 6, ..., Bn. Let the factors on the right become 
the polynomials P; and Pz in a, ..., Bn. Then (Ex. 3), 


(ay = 61). . . (ai —Ba) (aa — By) > 2 en — Pa = Pee 


identically in the a’s and #’s. Apart from numerical factors, P; is there- 
fore the product of certain of the differences a; — §:, . . . , and P», the 
product of the others. But this is impossible since P; is symmetric in 
Gijon. +) Om, BG SYMMOWIC In fi, 46-6) ons 


4. A Correct Conclusion to be Drawn from Any Method of Elimina- 
tion. Since the determination of r by means of symmetric functions of 
the roots is excessively laborious unless m or n is very small, we shall later 
give other methods. But we shall not know, without a careful enquiry, 
whether or not such a new method introduces an extraneous factor. Each 


* In place of §§ 3, 4, the reader may use §9. But this substitution should be made 
only if the briefest course is desired. 

** This is evident for the resultant ad — be in § 1. For, if it were the product of two 
linear functions, the one not involving a would necessarily be d (or a numerical constant 
times d) and similarly the other factor would then be a. 


CES er 
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method leads in fact to a polynomial F(a, ... , bn») with the property 
that every set of solutions a, ...,b, of r= 0 is a set of solutions of 
F =0. It then follows that r is a factor of F. 


For example, if R(f, g) = 0, 
f =ae+ar+a=0, g = box? + bit + bg = 0 
have a common root x. Then 
bof — Ag = (adobe = A2bo) x? + (abe — debi) x = 0, 
—bof + ag = (aobi — arbo)x + adobe — dado = 0. 
Exclude for the moment the case a2 = bb = 0. Thenz ¥ 0 and 


adobe —arbo dibs —axb; 


(3) F 


dob —arbo Aob2 —Aaabo 


It is easily verified that F = 0 also in the excluded case. Hence any set of solu- 
tions a, . . . , b: of r = 0 is a set of solutions of F = 0. We found r in Ex. 5 
above. It is seen to be identical with this F. 


To prove in general that r is a factor of F, set 
Pag Cg en, 


where ¢, . . . , Cn are polynomials in a, . .. , bn, while cp is not identi- 
cally zero (Ex. 6 above). Express also F as a polynomial in a and apply 
the greatest common divisor process to F andr. Suppose that r is not 
a factor of F. If* the degree of F in ay is =n, we may write 


koF = gr +n, kur = qfittfe, kot, = qote + 13; 


where qo, 91, % 71, 2 May involve ao, while ko, ki, kz, 73 do not (for sim- 
plicity we assume that 7; is the first r; not involving ao). If 73 were iden- 
tically zero, r2 (or a factor actually involving a) would be a factor of r, 
as shown by the last two of our three equations. Since 7: is of lower degree 
in a than 7, this contradicts the irreducibility of r ($3). Hence there 


exist constants a)’, ... , b,’ such that 
/ / 
Wei jee + oot hOn) =U, sig ae ae eon) ee, 
For a, = ay, ... , bn = bn’, r becomes a polynomial in dp with constant 


coefficients and hence (Ch. V) vanishes for some value do’ of a. By 


* In the contrary case, we drop the first equation and set 1 = P’. 


154 THEORY OF EQUATIONS (Cx. XII 


hypothesis, any set of solutions, as do’,a:',..., bn’ of r= 0 is a set of 


solutions of F = 0. Hence F(a’, ..., bn’) = 0. For these values 
Qo, . . - 5 bn’ Of a, ...-, bn, we have 7, = 0 by the first of our three 
equations, then r2 = 0 by the second, and r; = 0 by the third. The last 
result contradicts rs(ay’, . . . , bn’) A 0. 


If any method of eliminating x between two equations in x leads to a rela- 
tion F = 0, where F is a polynomial in the coefficients, then F has as a factor 
the true resultant of the equations. 


5. Sylvester’s Dialytic Method of Elimination. Let the equations 
aga? + ax? + ax + az = 0, box? + bx + Bb, = 0 


have a common root 2, so that their resultant r is zero. 
Multiply the first equation by x and the second by 2? and z in turn. 
We now have five equations 


art + ayx? + acu? + agx = 0, 
Apu? + ax + age + a3 = 0, 
boxt + bx? + box? = Q), 
box? + biz? + box = 0), 


box? + bit + bo = 0, 
which are linear and homogeneous in 2*, 2°, x®, x, 1. Hence 


(my Oh Ob ake 8) 


(4) P= bo by by 0 0 


is zero. By § 4, ris a factor of F. But the diagonal term ao’b.° of F is a 
term of r (Ex. 6, p. 152). Hence F is the resultant. 


In general, if the equations are 
aoe™ + +++ +dn=0, boa +--+ +b, =0, 


we multiply the first equation by 2-1, 2", ... , 2, 1, in turn, and the sec- 
ond by 2-1, 2, ..., 2, 1,in turn. We obtain n + m equations which 


oe ee: 
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are linear and homogeneous in the m + n quantities a+"-!,..., a, 1. 
Hence the determinant 


Ohi GR by 6 6 30 UE eres sta a] 
OMe diee Cees Pa acer RO ree ee 


ORO: "ean 6 pee Os Gm O 0 |(” rows 
(5) 7 WS Aine tet OF Raggedy rs enn. nt hein 
bee Oete ce beso ee 0 

Cmte pm raat: bn OF er ee 
OLS oO Ube eee: bn 


is zero. By §4, r is a factor of F. But the diagonal term a"b,” is a 
term of r. Hence F is the resultant. 


EXERCISES 


1. For m = n = 2, the resultant is 


a & a 0 
0 & a & 
bo 61 be O 
0 bo bi be 


Interchange the second and third rows, apply Teele development, and prove 
he r = (dob2)” — (aob1) (aids), 
where (aob2) denotes dob2 — d2bo, etc. Compare with (3). 

2. For m = n = 3, show by interchanges of rows that 


a & G a 0 O 
in hy Oa 


0 
0 
0 O a HU A 
(ea ) Dig rt. cle = Ds 
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Apply Laplace’s development, selecting minors from the first two rows, and to the 
complementary minors apply a similar development. This may be done by 
inspection and the following value of — r be obtained: 


(aob1) § (aib2) (a2bs) — (abs)? + (aobs) (aoba) § 
— (adobe) { (adobe) (a2bs) — (obs) (arbs) § 
+ (aobs) } (dob1) (d2bs) — (aobs)? {. 


The third term of the first line and the first term of the last line are alike. Hence, 
changing the signs, 
r = (abs)? — 2 (aob1) (aobs) (a2bs) — (aob2) (dos) (aibs) 
=F (abe)? (debs) =F (aob1) (ayb3)? = (aob1) (abe) (abs). 
3. Form = n = 38, the method which led to (3) gives 
— bof + aog = (aob:) x + (aob2) x + (obs), 
(bsf st asg) /x% = (aobs) x? + (aibs) & + (d2b3). 
By (8), the resultant of these two quadratic functions is 


(dobs) (aob:) |__| (aobs) (aobs) (ibs) (adobe) 
(a2b3) (aob3) (aybs) (adobe) (aabs) (aobs) 


This is, however, not the resultant r of the cubic functions f, g. To show that 
(ab3) is an extraneous factor, note that the terms of F not having this factor 
explicitly are 

(aob1) (@abs) { (Gobi) (a2bs) — (adobe) (ards) t. 


The quantity in brackets equals — (aobs) (aib2), since 


a Gd A, as 


bo bi by bs ; 

0 = 4 => (aob1) (ayb3) — (abe) (ayb3) te (aobs) (abe). 
Ao ay (ep) Ag 
bo by be bs 


We now see that F = r- (abs), where r is given in Ex. 2. 

4. Verify that (aobs) is an extraneous factor by showing that if 23 — 1 = 0, 
x’ — x = 0, then r = 0, (abs) ¥ 0. 

5. The resultant of L = ax + gy and L! = a’x + B’y is R = ap’ — a’B. The 
determinant of the coefficients of x, zy, y? in L? = 0, LL’ = 0, L” = 0 is 


a? 2 aB B? 


R’=| ax! af’ +o'8 6p" 
alt 2 ap’ Bg 
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If R = 0 there exist values not both zero of x and y such'that L = L’ = 0 and 
hence values of 2, xy, y?, not all zero, such that L? = 0, etc. Thus R = 0 implies 
k’ = 0. Since B& is irreducible, it is a factor of R’. But if R’ = 0, we are not to 
infer hastily that the values of «?, xy, y® obtained from the three equations linear in 
them are consistent (7.e., the product of the first and third equals the square of 
zy) and hence have no right to conclude that R’ = 0 implies R = 0 and thus that 
R’ is a power of R (as done in some texts). 

If R’ = 0, the three linear homogeneous equations whose coefficients are the 
elements in the three rows of the determinant R’ have solutions not all zero, which 
may be designated x”, ry — z, y?. Then the equations may be written in the form 


I? = 2apz, LL’ = (ap’ + o’p)z, L' = 2a'p’z. 
Thus 
0 = (LL’)? — L2L” = R2?. 


If R ~ 0, then z = 0, L = L’ = 0, Rx = Ry = 0, whereas z, y, 2 are not all zero. 
_ Hence R’ = 0 implies R = 0. Thus each irreducible factor of R’ is a numerical 
multiple of R. By examining one term of R’, we see that R’ = R3. 

6. The determinant of the coefficients of 2°, xy, xy, y? in 


L¢=0, LL'=0, LL"=0, L*=0, 


equals R®. Prove as in Ex. 5 and also as in Ex. 7. 

7. Reduce the determinant R’ in Ex. 5 to the form R*. If 6 = 0, R’ is evidently 
R’. If g # 0, multiply the elements of the second column by —a/g, those of the 
third column by a?/s?, and add the products to the elements of the first column. 
The elements of the new first column are 0, 0, R?/s?. Hence 


208 8B 
ap’ + a'p 


R? 


R? 
is = 


B 


op 8B 
a'B a’ 


, 


= R*-R. 


v 


8. If for F = 0 we omit one of the equations in § 5, we have a consistent set 
of equations which determine z in general. Thus if m = n = 2, af = 0, f = 0, 
g = 0 give ao(aobi)e& = — ao(aob2). The latter is in agreement with the linear 
equation in the example, p. 153. 


6. Discriminants. Let a, ... , am be the roots of 


(6) f(a) = age” + ayz™1+ +--+ +an=0 (a) # 0) 
As in Ch. III, § 3, we define the discriminant of (6) to be 
D = a2", — a2)? (ay — 3)? . . « (ar — Om)? (ag — a3)” . . « (m—1 — Om)*. 


Evidently D is unaltered by the interchange of any two roots. Since the 
degree in any root is 2(m — 1), the symmetric function D equals a poly- 
nomial in a, ... , @m. Indeed, a?” is the lowest power of d sufficient 
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to cancel the denominators introduced by replacing Za; by —ai/a,..- , 
G10, . . . Om by £Gm/a. Now* 

f’ (a1) = ao(a1 — a2)(a1 — a3) . . « (a1 — Om); 

f' (a2) mea ao (a2 aad a1) (a2 oe a3) melita (a2 = Om) 


f’ (as) es do (a —'ay) (ag = az) (a = as) on tee (a3 — Am), «tenn 


Hence 
ag"1f(cu) © « f'n) = ag H(— 1) 41 (oy — an)? (mia)? 
eyes ely 
By (2), the left member is the resultant of f(x), f(x). Hence 
m(m—1) 4 
Gx D=(-1) * =RGS). 


For another proof that D is a numerical multiple of R/ao, see Ex. 9 below. 


EXERCISES 


1. Show that the discriminant of f=y°+ pyt+tq=0 is —4p*— 27¢@ by 
evaluating the determinant of order five for R(f, f’). 

2. Find the relation between the discriminant of f(x)= 0 and the resultant of 
mf(z) — af'(@) and f"(c). 


3. Hence the discriminant of aor’ + a,x? + av + a3 is —}7r, where 
r = (aid2 — 9 aoas)? — (2 ag? — 6 ayas) (2 ay? — 6 agaz)s 


is the resultant of ax? + 2 av + 3.a3 = 0, 3 aot? + 2 ax + a = 0, by (8). 

4, The discriminant of the product of two functions equals the product of their 
discriminants multiplied by the square of their resultant. Hint: use the expres- 
sions in terms of the differences of the roots. 

5. dois a factor of R(f, f’) by the first column of its determinant. 

6. For a = 1, the discriminant equals 


ihe oF ie” Wee ay" 2 So Sy So 4 & Saad 
1 ag ag... ag =| S1 S283 + +e Sm 
, 
il Am On roars CD ae Sm—1 Sm Sm+1i + - + Som-2 
where s; = a' + +++ + am‘. See Exs. 10, 11, p. 141. 
* By differentiating f(~) = ao(v — ai)... (* — am) or by the first part of § 5, 


Ch. VII. 
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7. Hence the discriminant of 2° + px + q = 0 equals 


3 0 —-—2p 
0 -2p —3q |=—4p? —27¢@. 
—2p 3 ora Tr 
8. The discriminant D(a, . . . , dm) is irreducible. As in § 3, a factor would 
equal a product P of powers of the differences a; — a; such that P is symmetric 
In a, ..., am. Thus every difference would be a factor. But the product 


of the first powers of all the differences is changed in sign by any interchange of 
two roots (Ch. XI, §12). Hence P is divisible by the square of the last product. 

9. Prove that D is a constant times R(f, f’) + a by use of §4. Since D=0 
implies R = 0, the irreducible D is a factor of R. But D is of total degree 2m — 2 
in d, a, . . . , and # is of total degree 2m —1. Hence R/D is of the first degree 
and thus (Ex. 5) a numerical multiple of ao. 


7.— Euler’s Method of Elimination. Let f and g be given by (1). 

If f(z) = 0 and g(x) = 0 have a common root c, then 
f(z)=(@—-o)filz), g(z)=(@— 0) gl), 
identically in x, where fi(x) is a polynomial of degree m — 1, and g(x) is 
of degreen —1. Hence 
f(x) g(x) = 9 (a) fiz), 
identically in zx. Hence if a, . .. , 6, are any numbers for which R(f, g) 
=0, there exist constants qi, . . - 5 Qn) Pi) - - - » Pm not all zero for which 
(Gon Gyre in» - tb Om) (Git ath > o> He dn) 
ms (bgr* + bit" + + : + bn) (pre + pet” +: + + ob Dan); 

identically in x. Equating the coefficients of like powers of x in the two 
products, we obtain the relations 


Aogi — bop. = 0, 
Aigi + Aog2 — bipi — bope = 0, 
AmQn-1 ae Am—-19n sare DaPm—t oa Doi = 0, 

Am dn mee, bnPm =—()) 


Since these m-++n linear homogeneous equations in the unknowns qi,. . . , 
Qn) —Py+ + » » —Dm have a set of solutions not: all zero, the determinant 
of the coefficients is zero. Interchanging the rows and columns of this 
determinant, we get (5). The proof that (5) is the resultant follows as in 
the last two lines of § 5. 
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8.+ Bézout’s Method of Elimination. When the two equations are 
of the same degree, the method will be clear from the example 
f=ae+ae?+aex+as=0, g = bor? + bit? + box + bz = 0. 
Then 
: dog — bof, 
(8) (aor + a1)g— (box + bx) f, 
(ax? + aye + a2)g— (box? + dix + be) f 
equal respectively 


(aob1) 2? + (adobe) x + (aobs) = 0, 
(adobe) x? + § (debs) + (aide) }2+ (aibs) = 0, 
(dob3) 2” + (ayb3)x + (debs) = 0, 


where (dob1) = dob; — aibo, etc. The determinant of the coefficients is the 
negative of the resultant R(f, g). Indeed, it is divisible by R (§ 4) and 
has a term of —R. The negative of the determinant is seen to have the 
expansion given as r in Ex. 2, p. 156. 


The three equations used above are evident combinations of 
ef =O, af = 0) f= 0, wg=0 ag=0, g=0, 


the latter being the equations used in Sylvester’s method of elimination. The 
determinant of the coefficients in these six equations is 


ao ay a2 A3 0 0 


So 
& 
2 
t=} 
rw 
a 
s 
(=) 


The operations carried out to obtain the above three quadratic equations are 
seen to be step for step the following operations on determinants. First, aR 
is derived from the determinant R by multiplying the elements of the last three 
rows by a. To the elements of the new fourth row add the products of the ele- 
ments of the Ist, 2nd, 3rd, 5th, 6th rows by —bo, —bi, —be, ai, a2 respectively 
[corresponding to the formation of the third function (8)]. To the elements of 
the fifth row add the products of the elements of the 2nd, 3rd, 6th rows by —bo, b:, 
a, respectively [corresponding to the second function (8)]. Finally, to the ele- 
ments of the sixth row add the products of the elements of the third row by —bo 
[corresponding to ag — bof]. Hence 


a a a3 0 0 


ay a2 a3 


as R = * ; ; 
0: (aobs) (abs) (abs) : 
0 
0 


o o fone 


(obo) (abs) + (ards) (abs) 
: (aob1) (adobe) (abs) ! 
so that R equals the 3-rowed minor enclosed by the dots. The method of Bézout 


therefore suggests a definite process for the reduction of Sylvester’s determinant 
of order 2 n (when m = n) to one of order n. 


ooo coc lf 8 
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Next, for equations of different degrees, consider the example 


f = aox* + ayx? + aox? + aga + ay, g = box? + dix + be. 
Then | 
ayx"g — bof, (ao + ay) x?g — (box + bi)f 


equal respectively 
(dob) 23 + (aob2) a2 — asbox — aubo, 
(aob2) 23 + § (aibe) — asbo} x? — Sasbs + abo} x — abr. 
The determinant of the coefficients of x, x, x, 1 in these and xg, g, after 


the first and second rows are interchanged, is the determinant of order 4 
enclosed by dots in the second determinant below. It is the resultant 


R(f, g) by § 4. 


As in the former example, we shall indicate the corresponding operations on 
Sylvester’s determinant 


Md Mm G ad m@ O 
OO ag. ‘Gi Ga a3 a 
oe bo b1 bo O 
bo by be 
bo bi be 
0 bo bh be 


Multiply the elements of the third and fourth rows by a. In the resulting deter- 
minant a?R, add to the elements of the third row the products of the elements of the 
first, second and fourth rows by —bo, —bi, a respectively. Add to the elements 
of the fourth row the products of those of the second by —bo. We get 
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M m4 a ds a4 0 
0 a a a2 a3 a4 
Ean & 0 O (dob2)  (aib2) — dsbo sb; — aado — adr | 
Ome (aob1) (aob2) —dasbo — dbp : 
ie ee 8 by be 0: 
 @ 0 bo by . bg 


Hence R equals the minor enclosed by dots. 


EXERCISES { 
1. For m = 3, n = 2, apply to Sylvester’s determinant R exactly the same 
operations as used in the last case in § 8 and obtain 
(aob2) (dibs) — asbo — dsb, 
R= (aob1) (dob2) —dsbp |. 
bo bi be 
2. Hence show that the discriminant of agv? + az? + ax + a3 = Ois 
2002 Mde+3aa3; 2a,d3 
ie Cy 2 az 3 as 
3d 2a, Az 
= 18 apaiazas — 4 agas? — 4 ay8a3 + ayas? — 27 ap?a;*. 
3. Form = n = 4, reduce Sylvester’s R (as in the first case in § 8) to 
(aob1) (aob2) (abs) (aobs) 
(aob2) (aobs) + (aide) (obs) + (dibs) (aids) 
(obs) (@obs) + (aibs) (dibs) + (abs) (aba) 
(aobs) (aib4) (debs) (a3bq) 
4. For f and g of degree n, the 7th function (8), when written as a determinant 
of the second order, is seen to equal 
dye" + dyat™ 7 ++ + + + + din, 


where 
di; = (Qobi4j-1) + (Qidbitj—2) + + + © + (ai-1b,). 
Then 

n(n—1) 


R=(-1) ? D, D= 


di 6 farts din 


dni eek lan 
This D is called the Bézout determinant of f and g. Show that d;; = d;;. 


he Po 


> eee 


= 
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5. Hence verify for m = n = 5 that R can be derived from 
(aob1) (aob2) (aobs) (dob) (aobs) 
(aob2) (abs) (dob) (aobs) — (aubs) 
(obs) (dob) (aobs) (aybs) (abs) 
(aobs) (obs) (dibs) (debs) (abs) 
(aobs) (aibs)  (dabs) (abs) ~— (abs) 


by adding to its nine central elements the elements of 


(aybe) (abs) (arb) 
(aibs) (aibs) ae (debs) (debs) 
(ayb4) (deb,) (asb4) 


6. If R(f, 9) = 0, we obtain a consistent set of equations by omitting one of 
Bézout’s equations. Hence they determine x. If m =n = 2, finda. If m=n 
= 8, find z. 

ie Tf m =n, set g(x) = 2*-g(z). Then 


RG, 9) = BG, 9) + (-1)""™ an. 


8. Ifm =n, Ref + dg, sf + tg) = +(ct — ds)"R(f, g). [Find the new (a;b,).] 
9. Express as a determinant of order m the resultant of f(x) = 0 and 2” = 1. 
{Multiply f by « and reduce by x” = 1; repeat.] 


9. Without employing the results of §§ 3, 4, we may give a direct 
proof that the determinant (5) is the resultant of f and g, given by (1). 
While the method is general, we shall present it only in the case m = 8, 
n =2. In the equation 


0 Gd GQ ag— 2 

(9) bo b: be O 0 = 0, 
0 bo bi be 0 
CPO by hi be 


take z = f(8;). Multiply the elements of the first four columns by 
6:4, B#, B2, Bi, respectively, and add the products to the last column. 
All of the elements of the new last column are zero. Hence f(§:) and 
f (2) are the roots of (9). Since the equation is of the form 


bez? + ( Je + F =0, 
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where F is given by (4), we have 


F = bo'f(61)f(62). 


Hence the Sylvester determinant F is the resultant R(f, g). 
Moreover, the equation in z is the eliminant of 


g(x) = 0, 


ing the transformation z = f(x) of Tschirnhausen (Ch. VII, § 13). 


z=f (x), 
and hence gives explicitly the equation obtained from g(x) = 0 by apply- 


[Cze, Salle 


10. Theorem. Necessary and sufficient conditions that f(x) and g(x) 
shall have a common divisor of degree d, but none of higher degree, are R = 0, 
R,=0,..., Rei=0, Ra 40, where R is the determinant (5), and R; is 
the determinant derived from R by deleting the last k rows of a’s, the last k 


rows of b’s, and the last 2 k columns. 


For example, if m = n = 4, 


am Qd a 
OR dgear 
0) (0) Yas 
10 Ry = 
(10) Sa bee hte ke 
0 bo bh 
OR OF bp 


To prove the theorem for the case d = 1, set 


fi = Dita. + ee * + Pm-1) 


by 


The conditions for an identity of the form 


(11) fa-—gh=cat+e 


are 


Mog. — bopr 
— bipr — dope 


ang + Aog2 


AmGn—2 air a m—19n—1 
AmQn-1 


bs 


i= < + aimee + Qn—-1+ 


= 0, 
= 0, 


= bnDm—2 aa ey / a at 


exig 
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Omitting the last equation, we have m + n — 2 linear equations for the 
same number of unknowns g;, —p;. The determinant of the coefficients 
equals A, with the rows and columns interchanged. Hence if R; + 0 
we may choose c = R, and find values not all zero of the unknowns satis- 
fying all of the above equations except the last, and then choose c’ so that 
the last holds. Let R = 0. Then f and g have a common linear factor, 
but no common factor of degree > 1 since the right member of (11) is of 
degree unity. 

But if R = R, = 0, we may take c = 0 and find values not all zero of 
qi, pi Satisfying all but the last of the above equations. The resulting 
value of c’ is zero by (11), with c = 0, since f and g have a common factor 
z—r. Then 


Lone ed 
e—r” eee te 


Since not all of the m — 1 linear factors of the first fraction are factors 
of fi (of degree m — 2), at least one is a factor of the second fraction. 
Hence if R = R, = 0, f and g have a common factor of degree > 1. 

To prove the theorem for d = 2, we employ functions fo and g2 of de- 
grees m — 3 and n — 38, respectively. Of the conditions for the identity 


(12) foe — Of2 =e? + c/x+ 0", 
we omit the two in which c’ and c” occur and see that the determinant 
of the coefficients of the remaining equations is Ry. Then if 

R=; =0, hy, 


we may take c = R» and satisfy all of the conditions for (12). Thus 
f and g have no common factor of degree > 2. 


EXERCISES + 


1. By performing on (10) exactly the same operations as used in § 8 to reduce 
a determinant of order 6 to one of order 3, show that 


(abs) (abs) 4. (ab3) (ab4) + (ab) 
Ri = | (aob2) (aobs) + (abe) (abs) + (aids) 
| (dob1) (abe) (abs) 


Note that if a; = bs = 0, the present work reduces to the former. 
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2. In the notation of Ex. 4, p. 162, the preceding R; with its first and third rows 
interchanged becomes D,: 


diy die dis 
Dr dy, dog dog ) ky = —Dy. 
ds dso ds3 
3. Form = n, 
du eet eG n—k 
=(-1e)erryrp, D,= by Keep 
Oi 84 Ska oe (thas n—k 


4, Hence, if m = n, f and g have a common divisor of degree d, but none of 
degree > d,if and only if D = 0, D,i =0,..., Dai = 0, Da #0. 

5. Give a direct proof of Ex. 4 by multiplying the 7th function in Ex. 4, p. 162, 
by a variable y; and summing fort = 1,..., ¢. Thus 


gi doyit (dow + ar)yot + + + + (dove? 1+ + + + lye} —f-fboyit (bor + di)y2 + ++ +} 
= ja" + bet + Hq, 


where = diy + Ne + dirt, 22 ey Og= dinyi + Ve ik + dinYt. 
The determinant of the coefficients of y1,...,y: M&,..., 6 is Dat If 
D = 0,taket = n; then we can choose y,. . . , y, not all zero so > that &=0,. 


in = 0. Then fous fg. = 0 for functions f; and gi of degree n — 1, so that f 
and g have a linear divisor. If also D,; = 0, take = n — 1; then we can make 
6 =0,..., dn-1=0. Hence gfe — fg: = 5, for functions fe and g2 of degree 
n—2. Since f and g have a common divisor, the constant 6, is zero, and hence 
they have a common divisor of degree= 2. But if D; + 0, we can make 


gfe Mae S92 = 6,10 =f Sny bn ¥ 0, 


so that the only common divisor is linear. 
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MISCELLANEOUS EXERCISES 


1. Find a necessary and sufficient condition that the roots a, 6, y of 
x? + px* + qx + r = 0 shall be in geometrical progression. 
. For the same equation find 2a%g*. [Replace x by 1/z.] 
. Find the equation with the roots a? + 6, a? + 7?, 6? + 72. 
. Find the equation with the roots a? + 6? — 7, a + +? — B%, ete. 
. Find the equation with the roots a? + eB + 8°, ete. 
. Solve the equation in Ex. 1 by forming and solving the quadratic equation 
with the roots (a + w6+ wy) and (a+ w8+ wy)’, where w+ 0+1=0. 
(Lagrange.) 

7. Solve x* — 28x + 48 = 0, given that two roots differ by 2. 

8. Find a necessary and sufficient condition that 

f(@) =a px? + ge? + 7c + s=0 

shall have one root the negative of another root. When this condition is satisfied, 
what are the quadratic factors of f(x)? 

9. Solve f(z) =z*— 6254 1382? —142+6=0, given that two roots a 
and 6 are such that 2a+,8=5. Hint: f(x) and f(5 — 22) have a common 
factor. 

10. Diminish the roots of z4+ ga?+ rz +s =0 (s #0) by such a number 
that the roots of the transformed equation shall be of the form a, m/a, b, m/b, and 
show how the latter equation may be solved. 

11. Solve 2# — 22? — 162+ 1 =0 by the method of Ex. 10. 

12. By use of the equation whose roots are the] squares of the roots of 
2+ 23 — 2? +22 —3=0 and Descartes’ rule, show that the latter equation 
has four imaginary roots. 

13. Similarly, x3 + 27+ 8x2 + 6 = 0 has imaginary roots. 

14, If all of the roots of x” + ar” 14 br” *+ --- = 0 are real, 


G-2b>0, Pola tld>0, &—2bd+20e—2f>0,.... 


Hint: Form the equation in y = 2”. 

15. Solve z3 + px + q = 0 by eliminating x between it and a? + vx +w=y 
by the greatest common divisor process, and choosing v and w so that in the result- 
ing cubic equation for y the coefficients of y and y’ are zero. The next to the last 
step of the elimination gives x as a rational function of y. (T'schirnhausen, Acta 
Erudit., Lipsiae, II, 1683, p. 204.) 

16. Find the preceding y-cubic as follows. Multiply 2? + vx + w = y by x 
and replace x? by —px — q; then multiply the resulting quadratic equation in x 
by x and replace x’ by its value. The determinant of the coefficients of «’, x, 1 
must vanish. 

17. Eliminate y between y? = v, « = ry + sy’, and get 

a? — 3rsvx — (rv + s*v*) = 0. 
Take s = 1 and choose r and v so that this equation shall be identical with «° + px 
+ q = 0, and hence solve the latter. (Kuler, 1764.) 


D> Or H W bo 
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18. Eliminate y between y? = v, x =f+ey+y’ and get 
il e€ f-<z 


f-—z v evi 


This cubic equation in x may be identified with the general cubic equation by choice 
of e, f, v. Hence solve the latter. 
19. Determine 7, s and v so that the resultant of 


oS), as er 
P y ra (eS y ze 3 
shall be identical with x? + px +q=0. (Bézout, 1762.) 


20. Show that the reduction of a cubic equation in x to the form y* = v by the 
substitution 


ees’ 
LT 


is not essentially different from the method of Ex. 18. [Multiply the numerator 
and denominator of x by 1 — y+ y?.] 

21. If the discriminant of a cubic equation is positive, the number of positive 
roots equals the number of variations of signs of the coefficients. 

22. Descartes’ rule gives the exact number of positive roots only when all the 
coefficients are of like sign or when 


f(x)= Gps + i Nr +. Ses iis — Drake —_ Da—it ot — a 0, 


each p; being = 0. Without using that rule, show that the latter equation has one 
and only one positive root r. Hints: There is a positive root r by Ch. I, § 12 
(a=0,b=©). Call P(x) the quotient of the sum of the positive terms by 2°, 
and call —N(«) that of the negative terms. Then N(x) is a sum of powers of 
1/x with positive coefficients. 


If Ce IEXE So TEXGD)), N(x) < N(r), Te) 0: 
1b a) ip JAG << TENG). N(x) > N(r), f(x) <0. (Lagrange.) 


23. If f(x)= fiw) + - + + + f2(%), where each f;(x) is like the f in Ex. 22, and 
if R is the greatest of the single positive roots of fi = 0, ... , fy = 0, then R is 
an upper limit to the positive roots of f = 0. 

24. Any cubic or quartic equation in x can be transformed into a reciprocal 
equation by a substitution « = ry + s. 

25. Admitting that an equation f(v)=a2"+ +--+ =0 with real coefficients 
has n roots, show algebraically that there is a real root between a and 6 if 
f(a) and f(b) have opposite signs. Note that a pair of conjugate imaginary roots 
c +di are the roots of (v —c)?+ ad? = 0 and that this quadratic function is 
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positive if x is real. Henceif 1, ... , x, are the real roots and ¢(x) = (x — 2) 
. . . (%—42;,), then ¢(a) and ¢(6) have opposite signs. Thus a — 2; and b — a; 
have opposite signs for at least one real root z;. (Lagrange.) 

26. If s; is the sum of the jth powers of the roots of an equation of degree n 
and if m is any integer, the equation is 


x” ae oyna 1 

Smtn Sm+n—-1 «+ + Smt Sm 

Smtnti  Smtn oe ee Sm42. Smt = (0. 
Sm42n—1 Sm42n—2 - + + Smin Sm+tn-1 


Hint: Use the second set of Newton’s identities. (Jacobi.) 
mmeia—b<e¢... <i, and‘, 6,.«: , \ are positive, 
a Me B fe af 


t—a x-—-b X-Ce 


ta 0 
z—l 


has a real root between a and b, one between b andc, ... , one between k and l, 
and if ¢ is negative one greater than l, but if ¢ is positive one less than a. 

28. Verify that the equation in Ex. 27 has no imaginary root by substituting 
r + st and r — si in turn for 2, and subtracting the results. 

29. In the problem of three astronomical bodies occurs the equation 


P+ (3 — »w)rtt (3 — 2yu)r — uw? —2pr—p=0, 


where 0 <u <1. Why is there a single positive real root? As » approaches 
zero, two complex roots and the real root approach zero. 

30. Discuss the equation obtained from the preceding by changing the signs of 
the coefficients of r* and r. 

31. By Newton’s identities, 


A OS ah 
Ga 1 2 | = — pi + 3 pips — 3 ps, 
p2 Pi 37s 
ie 0 Omens 
pp 1 0 .0 2p 
ee] ee 1 .0 380s 
(ok) J0bp al .0 4p 
Diet Ph—-2 Pants» - Pi KDE 


_ where all but the last term in the main diagonal is 1, and all terms above the diagonal 
are zero except those in the last column. If k > n, we must set pj = 0(7 > n). 
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’ 32. By Newton’s identities, 


: 1 0 0 Seer U) S81 
i Wg ‘Sige OF twos to4O smite 
3! p3 = —|S 2 8 ; kip.p= | Sa 78 3 ane: Or SE ALD 


So S81 83 
a BS Sr Si Sea 
ifk =n. Butifk =n, 
Sk Sk—-1 Sk—2 Soa) Sia 


Sk41 Sk Sk—-1 se Sk-nti | _ 0 


Sktn Skt+n—1 Sktn—-2 + + ~ S& 
33. Lets; = m' +--+ +an* Let a’,..., a,” be the roots of 
Uk af pe ee ee 


Set y=a,? and multiply the result by a,;*~?", wherek=2n. Sum forj=1,...,n. 
Thus 
8% + Pi8,-2 + Pose + + + + PaS—2n = 0. 


Hence 
Sk Sh—2 Sk—4 See Nae 
Seti Sk—-1 Sk—-3 Ao eee | 0 
Skin Sk+n—2 Sktn—4 «+. + Sk—n 


34, Obtain a vanishing determinant similar to that in Ex. 33 but having the 
subscripts of the s’s in each row decreased by 3. 


ih) 


35. So Si Se 

0 So Si Se 

Si So 83 | = 
So Si So 8&3 

So S83 S84 
S; So Sg S84 

Pr Pe Ps 
0 So $1 + Pi So So + Pisi + Po280 


So Sit PiSo 82+ PiSi + P280 83 + PiS2 + PoSi + PsSo 

$1 Sa-+ PiSi 83 + PrS2e+ Posi Sot Pri83 + P82 + Ps81 
. P1 P2 Ps 

Oe (n—1)~p.1 (n—2)po 

n (n—I1)p. (n—2)p. (n—8)ps 

Mi 2D. 3 ps Apa 


we ere 
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36. Ifn = 3, the last determinant may be obtained from the Sylvester resultant - 
R of 2° + pix? + pox + ps and its derivative by multiplying the elements of the 
first row of R by —3 and adding the products to the elements of the third row. 

37. Express the determinant of order 4 in the s; (analogous to the first one in 
Ex. 35) as a determinant of order 6 in the p’s. For n = 4, identify the latter with 
the resultant of «4 + pix? + pox? + psx + py and its derivative. 


38. Let s, be the sum of the kth powers of the roots a1, ... , 2» of a given 
equation. The coefficients of the equation having as its roots the 4 n(n — 1) 
squares of the differences of the 2’s can be found from Sj, So, . . . , where S, is 


the sum of the pth powers of the roots of the latter equation. Expand by the 
binomial theorem oF 


(ea) + @— m+ + + 2), 


set 2 = %1, ..., © = £, in turn, add and divide by 2. Thus 
2p)\(2p —1 
Sp = NS2p — 2 PS2p—181 + CO aap th 
Zep 1) oe (pe 1) 
rs bi 2 
a Poo, Ap ae 


(Lagrange.) 

39. Inparticular, S; = nse — 8, Ss = nsy — 4 8183 + 3 82, 

S3 = ns. — 6 8185 + 15 sess — 10 832. Hence give the equation whose roots are 
the squares of the differences of the roots of a given cubic equation. Deduce the 
discriminant of the latter. 

40. The equation whose roots are the n(n — 1) differences x; — 2; of the roots 
of f(z) = 0 may be obtained by eliminating x between the latter and f(x + y) = 0 
and deleting the factor y” (arising from y = 2; — x; = 0) from the eliminant. 
The equation free of this factor may be obtained by eliminating x between f(x) = 0 
and 


n—) 


if@+y) —f@)s/y =f@+f'@ a+ nape ft) ee 0. 


~n 


This eliminant involves only even powers of y, so that if we set y? = z we obtain 
an equation in z having as its roots the squares of the differences of the roots of 
f(z) = 0. (Lagrange.) | 

41. Compute by Ex. 40 the z-equation when f(x) = x? + px + q. 

42. Except for b = 0, the equation 


a—xz b 


b f—z 


’ 


has a real root exceeding a and f, and one less than a and f. [Substitute a and f 
for x in turn]. 
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43. Let the equation in Ex. 42 have distinct real roots a, 8, wherea > 6. Then 
there are three real roots of* 


D(x) = b f-—2 g = (0, 
c g h-«z 


Hint: The results of substituting a and ¢ for x in D(z) are 
[cVa—-f+g Va-—al, —|levf-—8-g a—s, 


where the product of the radicals in each is +b. Hence if neither a nor @ is a 
root, there is a root > a, one < #, and one between a and fg. If @ is a root, 
there is a root < 6 and hence three real roots. 

44, If a = Bin Ex. 43, then a =f is a root of D(x) = 0 and there are two 
further real roots. 


45. aa’ + bb’ + cc! ea’ + fb’ + ge’ | a’ b’ | | a’c’ 
ae + bf’ eg! ee +f’ +99 | | | "ef gf 
Baal Oat bbe el ey gl ew. 
fee fg pet be Pa 
Combine the first and third, second and fifth, fourth and sixth: 
ab| | a’ db’ ac| |a’c' ra poe | 
es eee eg) Feo Ae ei lal Foe 
46. Hence, in particular, 
e+eP+e aetbft+eo See yt oe 
attfte @+Pt gel |e 5 | legal “Ital 


47. Hence if a, b, c and e, f, g are the direction cosines of two lines in space, and 
if 9 is the angle between them, so that cos @ = ae + bf + cg, then sin? ¢ equals the 
above sum of three squares. 

48. For the determinant in Ex. 48, 


@C+bP4+e—2 ab+bf+cg ac + bg + ch 
D(x) -D(—2x) =| ab+bf + cg P+fP+g—2 be+fg+gh 
ac + bg + ch be + fg + gh C++ h — x 


= —o $+ c+ P+ R+2 + 2c + 29%) — «(D+ D2 + Ds) + D0), 


* This theorem is important in many branches of pure and applied mathematics. 
Besides this proof and that in Ex. 48, other more advanced proofs, including that by 
Borchardt, are given in Salmon’s Modern Higher Algebra, pp. 48-56. 


“yo eee 
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where Ds is the first determinant in Ex. 46 for e = b and D, and D, are analogous 
minors of elements in the main diagonal of the present determinant of order 3 
with « = 0. Hence the coefficient. of —a? is a sum of squares (Ex. 49). Since 
the function of degree 6 is not zero for a negative value of 2?, D(x) = 0 has no 
purely imaginary root. If it had an imaginary root r+ si, then D(x +r) = 0 
would have a purely imaginary root si. But D(x + r) is of the form in Ex. 43 with 
a, f, h replaced by a—r, f—r, h—r. Hence D(x) = 0 has only real roots. 
The method is applicable to such determinants of order n. (Sylvester.) 
49, In Ex, 48, D; + D2 + D3 equals 


(af — b*)? + (ah — c?)? + (fh — g?)? + 2 (ag — be)? + 2 (of — bg)? + 2 (bh — cg). 
50. Without using its solution by radicals, prove that 
x* + bx? + cz? + dx +e 


has a factor x? — sx + p, where s is a root of a sextic equation, and that p is a 
rational function of s and the coefficients. 
Hints: There are six functions like s = x + 22; next, 


C = Lx. = 8(X3 + La) +p + xava, 
—d = LxyXox3 = SX3ta + (a3 + 24)p. 


Replace x3; -+ 2; by —b—-s and solve for p the resulting linear equations in 
x3t,and p. The case b + 2s = 0 may be avoided by starting with another pair 
of roots. 

51. Prove Ex. 50 by dividing the quartic by the quadratic function and requir- 
ing that the linear remainder shall be zero identically. 

52. Prove Ex. 50 by use of (8) and (8) in Ch. IV. 

53. 26+ bx + cr*+ dx? + ex? + fre+ghas a factor «* — sx+p, wheres is a 
root of an equation of degree 15, and p is a rational function of s and the coefficients. 
Hints: Write 


oj = 23 ++ t5-+ ve, of = Lela t+ * +s, og —Uelae + +> , o4 = LeCalsly 
for the elementary symmetric functions of #3, . . . , vs, and show that 
—b=s+na, c= pt 801 + 22, —d = poi + soz + as, 
é = Po» + So3 + 04, = if = So4 + poz, g = po. 


The first four relations determine the o’s. Then the last two give a cubic and a 
quadratic equation in p, by means of which we may express p as a rational function 
of s and then obtain an equation in s alone. Why must this be of degree 15? 

54. If Ex. 53 were solved as in Ex. 51 (if the quotient of 7° + - ++ byz?+-:-:- 
be denoted by at — ox* + ot® — o3t + o4, we obtain the above six relations), 
why could we conclude that any equation of degree six with real coefficients 
has two complex roots (independently of the fundamental theorem of algebra)? 
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55. 


‘ 


3 
a+ ar.t az =Z (a1 —az)*. [See Ex. 46.] 
3 


a + a2 + ag a+ a2? avs? 


56. The determinant in Ex. 55 equals 


1 ae 


1 a Ll ay 2 a + a 1 a? 
> en ak ry 2 + 2 a: » 2 my ir fi 
6 | GQ a aC] an ay a2 ay j 3 | a+ az aft ag 3 | 1 ag 

- 57. For n roots, n = 3, 
nm 8 8 1 a; ke 


a 
1, 9, ee a ee 
D=| s S 8 |=] a; 2 og8 e . 
pe ee fe aes ne i, j, k distinct. 


So. 83 84 Cig a? ak 


Add the six determinants given by the permutations of fixed 7,7, k. Then 


lease) ble vaper apt ok: ce? say a ae 
D= > apg“ aztop. af + aft ay aft af + ag 
SIS 2+ a@t ae ait aston? ait a+ ax! 
ue a ee al 1 a a? | 
= > a, a; of |? | 1 a; af |= 2Z(ay— a;)?(ay — ax)*(ajz — a)*. 
t<j<° ae aj a2 


La, oe 


58. Comparing the theorems in Exs. 55 and 57 and their extensions with Ex. 12, 
p. 102, we see the nature of a proof of Borchardt’s Theorem: An equation of degree 


n mith real coefficients and distinct roots has as many pairs of imaginary roots as 
there are changes in signs in the series 


1 
So Si So Si Seg | So Si Pe ee 
So= Nn, , 
Si 82 Se VOR Se aly el ws 5 Bee Sb" se ss Se 
So S83 84 & 
Sn—1 Sn. - S2n—2 


If two consecutive terms are zero, the theorem may fail 
But it holds if an isolated zero occurs and is suppressed. 
59. Denote the last series by Di = 8, De, Ds, . , D,. There are exactly 
r distinct roots of the given equation of degree n if and only if D, is the last non- 
vanishing determinant of this series. For, as in Exs. 55-57, D; is the sum of the 
various products of the squares of the differences of * of the roots a, ..., an 
If k >7r, each product involves two equal e@’s and hence D, = 0. If k = 7, the 


BT 
only term not zero is that involving the r distinct a’s, so that D, ~ 0. (L. Baur, 
Math. Annalen, vols. 50, 52. 


, as e+ 1=0 shows. 


7 
& 
—- 
= 
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60. The n roots are all real and distinct if and only if Dz, ... , Dy are all 


“positive. (Weber, Algebra, 2d ed., I, p. 322.) 


61. If each c; is real and if the numbers 


Co Cy Core Cll Sens En 
Co, ’ ) 
CG C2 Cie Conn eer 
Cn Cnt. » » Conte 


are positive, all of the roots of 
to + cit + cat? 4-* 2 + 4 Cant? = 
are imaginary, and all but one of the roots of 
oF Ot Co? + + + + Cong 27! = 0 
are imaginary. (Van Vleck, Annals of Math., 4 (1903), p. 191.) 
62. The results in Ex. 61 follow if the c.; and btdcdee | are all positive. 


Coit1 Coi+e 
(Kellogg, Annals of Math., 9 (1907), p. 97.) 
63. If the terms with negative coefficients in an equation of degree n are — ax”, 
—Bu", —yz"~", . . . , no positive root exceeds the sum of the two largest of 
the numbers 


Vv a, WB , Vv %, elenene (Lagrange.) 
64. In, Ex. 63, no positive root exceeds the greatest of the numbers 
Vio,  Vhe,..., 
where & is the number of the negative coefficients —a, .... (Cauchy.) 


65.* Define V, as in Ch. IX, § 8, and let f(a) #0, f(o) #0. If f(z) = 0 has 
imaginary roots, Va — V, cannot give the exact number of real roots in every 
interval [a, 6]; but, if f(z) = 0 has no imaginary roots, Va — Vs gives the exact 
number of real roots in every interval [a, 6]. Hint: Use (14), Ch. IX. 

66. Budan’s Theorem gives the exact number of real roots of f(z) = 0 in 
[a, b] if f(a) ¥ 0, f (6) 40, provided that, for r= 0, 1, ..., n — 2, real roots of 
f(x) = 0 separate those of f+) (x) = 0 in that interval from each other and from 
aandb. The term “separate” here excludes the case of coincidence. Hint: At 
a root of f +(x) = 0, the functions f(x) and f**)(x) must be of opposite sign. 

67. Descartes’ Rule gives the exact number of real roots only when Budan’s 
Rule is exact for every positive interval [a, b]. Thus it is exact for an equation 
having only real roots. 

68. We define as generalized Sturm’s functions for an interval [a, b] a sequence 
of polynomials f(x), fi(v), . . . , f(x), with the following properties: 


* The author is indebted to Professor D. R. Curtiss for Exs. 65-72. 
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(a) No two consecutive functions vanish simultaneously at any point of [a, 6]; 

(6) f,(x) does not vanish in [a, }]; 

(c) When, for 1= 7 = r — 1, f;(x) vanishes for a value of z; in [a, 6], f;-1(a1) and 
Fizi(%1) have opposite signs; 

(d) When f(x) vanishes for a value 2 in [a, 6], f:(z1) has the same sign as f’(21). 

Prove that the number of real roots of f(x) = 0 in [a, b] is equal to the difference 
between the numbers of variations of signs in such a sequence for x = a and for 
ap == (h, 

Prove the corresponding statement for an interval [c, d] within [a, 6]. 

69. Prove that generalized Sturm’s functions for any interval [a, 6], where 
a and 6 are both positive or both negative and f(x) = 0 has no multiple roots, may 
be obtained as follows: Take fi(x) = f’(x). Arrange f(x) and fi(x) in ascending 
powers of x, and divide the former by the latter (using negative powers of x in the 
quotient, if necessary); let the last remainder of degree equal to that of f(x) be 
designated by r(x); then fo(x) =—re(x) + 2. Define f;(x) similarly by division 
of f;.(x) by fix), both being arranged according to ascending powers of 2; 
the last remainder of degree equal to that of f;-2(x) is divided by —z? and the 
quotient taken as f;(x). Show that the sequence thus obtained is valid for 
[—%, 2%], provided no one of the functions vanishes for x = 0. 

70. Prove that generalized Sturm’s functions for any interval [a, 6], where 
a and 0 are both positive or both negative and f(x) =0 has no multiple roots, may be 
obtained by the greatest common divisor process for f(x) =aov"+aq,rv"1+ +++ +a, 
and fi(x), with the signs of the remainders changed (as in Sturm’s method), if we 
take 

fila) = o(@) = qa" 4+ Qaor™ 2? + +--+ + nan (x < 0), 

but fiz) =—¢(a) if x > 0. Hint: af’(x) + ¢(@) = nf(z). 


71. Prove the analogue of Ex. 69 when f(x) is taken as in Ex. 70. 

72. For the cubic f(x) = aor? + ax? + ax + as without multiple roots, discuss 
the validity of the sequences in Exs. 69-71 for any interval [a, 6], where a < 0, 
b >0. Hint: If as # 0, discuss whether variations of signs for x very near zero 
and negative = variations of signs for x very near zero and positive, 
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Interchange in determinants, 1382-4, 137-8 
Interpolation, 111 


183 


184 THEORY OF EQUATIONS 


Interval, 97 

Invariant, 42 

Irrational, 30 

Irreducible case, 34, 35 
Trreducibility of resultants, 152 
Isolated, 95 


Lagrange on the quartic, 40 
—, solution of equations, 125 
Laplace’s development, 141-3 
Linear equations, 127-9, 144-9 
Lower limit to roots, 58 


Minor, 129 

Modulus, 24, 25 

Moivre (see De) 

Multiple root, 8 (see Discriminant) 


Newton’s formule, 70, 169, 170 
— method of solution, 109-115 
— — for integral roots, 59 


Ordinate, 1 


Pentagon, 88 

Periods, 85 

Plotting, 2 

Polar coérdinates, 19 
Polynomial, 3, 6 

—, sign of, 14 

Primitive root, 28 

Product of determinants, 1438 


Quadratic equation, 15 
Quartic, 16, 38, 42, 80, 99, 120, 173 
Quintic, 76, 80, 83 


Radian, 27 

Rank of determinant, 145 
Rational root, 61 

— integral function, 3 
Reciprocal equation, 81 
Reduced cubic, 10, 31 

— quartic, 42 

Regula falsi, 111 

Regular polygon, 27, 87-90 


Relations between roots and coefficients, 


32, 39, 55, Ch. VII, 169, 170 


Relatively prime, 28 
Remainder theorem, 8 
Resolvent cubic, 38, 39 
Resultant, 150 

Rolle’s theorem, 93 


Roots, theorems on, 13, 15, 30, 34, 39. 45, 
47, 55, 59, 61, 64, 69, 76, 90, 93, 96, 100, 


103, 105, 112, 174-6 
— of unity, 27 
—, nth, 26 
Rows of determinant, 128 
— — alike, 138 


2-polynomial, 63 

2-function, 68, 70 

Slope, 3, 6 - 
Solution of numerical equations, 109 
Solvable by radicals, 75, 84 
Square root, 23 

Sturm’s functions, 98 

— —, generalized, 176 

— theorem, 95-102 

Sum of roots, 39, 56 

— — powers of roots, 69, 72, 169 
Sylvester on elimination, 154 
Symmetric function, 68, 121 

— in all roots but one, 76 
Synthetic division, 116 


Taylor’s theorem, 6, 113 
Transformed equation, 10, 115, 119 


*Trigonometric form, 24 


— solution of cubic, 34, 36 
Trinomial equation, 11 
Triple root, 8 

Trisection of angle, 90 
Tschirnhausen, 79, 164 


Upper limit to roots, 57, 175 
Variation in signs, 95 
Vector, 18 


Vieta on the cubic, 31 


Waring’s formula, 72 
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